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We review the problem of neutrino masses and mixings in the context of Grand Uni-
fied Theories. After a brief summary of the present experimental status of neutrino
physics, we describe how the see-saw mechanism can automatically account for the
large atmospheric mixing angle. We provide two specific examples where this pos-
sibility is realized by means of a flavour symmetry. We then review in some detail
the various severe problems which plague minimal GUT models (like the doublet-
triplet splitting and proton-decay) and which force to investigate the possibility of
constructing more elaborate but realistic models. We then show an example of a
quasi-realistic SUSY SU(5) model which, by exploiting the crucial presence of an
abelian flavour symmetry, does not require any fine-tuning and predicts a satis-
factory phenomenology with respect to coupling unification, fermion masses and
mixings and bounds from proton decay.
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Introduction
It is quite obvious that the Standard Model must be extended. Various arguments
bring along the important conceptual implication that the Standard Model should
be seen as a low energy effective theory valid up to some physical cut-off scale.
It is thus compelling to speculate about the underlying more fundamental the-
ory. Various ideas have been proposed and developed to answer this question. For
instance, recently a lot of interest and efforts have been devoted to the idea of
extra-dimensions, where the different behaviour of the gauge and gravitational in-
teractions may provide a solution to the hierarchy problem. But the attractive
proposal of Grand Unification has not lost its charm.
The concept that all particle interactions unify at very high energies is indeed not
very recent. The first paper on this subject was published 26 years ago and from
then on this idea captured the interest of physicists. Many fundamental papers
that explore the various aspects and consequences of Grand Unification have been
written. What is then inside this proposal which renders it still so interesting to
collect the general interest? The main point is that it received phenomenological
support by:
A) the success of gauge coupling unification;
B) recent developments on neutrinos.
A) Gauge coupling unification works terribly well. The original proposal has
however notably evolved because now we know that Grand Unification needs Super-
symmetry. Only then gauge coupling unification successfully happens at the scale
MGUT ∼ 1016 GeV. In addition, in non supersymmetric Grand Unified theories the
prediction of proton lifetime for the process p → e+π0 is in conflict with lower ex-
perimental limits, but including Supersymmetry it turns out to be close to the safe
side.
B) Recent data coming from neutrino physics are much more robust and less
fragmented then they were just few years ago. There is definitive evidence for a
neutrino mass associated with atmospheric oscillations in the range 0.05 ÷ 1 eV.
There is no room in the Standard Model for neutrinos to have a mass, so that
neutrinos represent the first true signal and actually give some hints on possible
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extensions of the Standard Model. Baryon and lepton numbers are expected to
be violated in Grand Unified Theories, leading to the fundamental consequences of
proton instability and possibility of Majorana mass terms. The previously quoted
mass range points in favour of lepton number violation at a scale ∼ 10(14÷15) GeV.
Thus both gauge coupling unification and neutrino masses independently strongly
suggest that beyond the electroweak scale there is another crucial scale where some
new physics really arises and which lies just two orders of magnitude below the
Planck scale.
Neutrinos are curious also because, in contrast with the observed smallness of
left handed quark mixings, it is now experimentally well established by Super-
Kamiokande that they possess a large left handed mixing associated with the neu-
trino flavours involved in atmospheric oscillations. To explain from the theoretical
point of view the possible causes which determine the atmospheric mixing to be large
and the possible consequences is the thread of the present review.
Grand Unification represents an excellent framework for the study of neutrino
masses and mixings, because it predicts fermion mass matrices to be related. Several
Grand Unified models have been constructed which show that the presence of the
large atmospheric mixing may naturally arise via the see-saw. These models can be
distinguished into two classes, according to the basic mechanism exploited.
Most models are based on the possible presence of a large right handed down
quark mixing, not directly observable in weak transitions, which is strictly correlated
to a large left handed mixing for charged leptons. The latter can be transferred to
the Dirac neutrino mass matrix and the desired large mixing is achieved if the right
handed Majorana neutrinos are not widely split.
But there is also a particularly interesting alternative mechanism. This mech-
anism is based on the observation that for a sufficiently hierarchical right handed
neutrino spectrum, a large atmospheric mixing automatically arises if the left handed
νµ and ντ couple with comparable strength to the right handed ν
c
µ. Thus, remark-
ably, this situation does not require the presence of large mixings in the Dirac and/or
Majorana mass matrices. As opposite to the first mechanism, this second one can
then be realized even if all left and right mixings of quarks and leptons are very
small. It is then a possibility for the large mixing to actually arise from nothing,
that is only as an effect of the see-saw mechanism. This situation is particularly
attractive from the theoretical point of view because it is compatible with left right
symmetric scenarios.
The first two chapters of this review contain a summary of the present experimen-
tal status and future perspectives about neutrinos, show the two basic mechanisms
providing an explanation of the large atmospheric mixing and present explicit Grand
Unified models which realize these two possibilities.
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The two independent supports in favour of the physical relevance of MGUT , i.e.
supersymmetric coupling unification and neutrino masses, can be hardly interpreted
as just a coincidence. Armed with the results obtained from the study of the neutrino
sector, we face the more ambitious task of constructing a sufficiently complete and
realistic Grand Unified model which could embed one of the two mechanisms for the
generation of the large atmospheric mixing. After 26 years, one could wonder if it
is still possible and eventually what kind of informations could be added to further
increase our knowledge of Grand Unification. There are mainly two new facts:
1. much stronger limits on proton decay rates, in particular on the channels which
are expected to be dominant in supersymmetric Grand Unified theories. Super-
Kamiokande gives a lower limit for proton lifetime of about 2 · 1033 yr for the
channel p→ K+ν¯);
2. the approach itself. Since Grand Unification seems so successful, it is desirable
to use it as a framework where to address also the flavour problem, that is to
explain the observed hierarchical spectra and mixings of all fermions, including
neutrinos.
The flavour problem is independent of Grand Unification, in the sense that Grand
Unification alone is not able to provide any light on this. However it is really an
optimal framework in which to embed possible solutions of the flavour problem,
because Grand Unification predicts more or less strict group theoretical relations
between fermion mass matrices. One interesting way to address the flavour problem
is by introducing an horizontal flavour symmetry, namely a symmetry under which
the three copies of each fermion transform differently.
Thus the modern point of view is to construct not too complicated, sufficiently
realistic and relatively complete models. These models have to be enough detailed
to actually carry out the calculation of as much low energy observables as possible.
We are not satisfied with too rough and incomplete models. It is clear that only
those models which provide predictions in agreement with experiment survive.
In this respect, minimal versions of Grand Unified Theories (e.g. SU(5) with
only 24, 5 and 5 of Higgs fields) are not realistic. They suffer from serious problems:
• doublet-triplet splitting;
• predictions of proton decay rates;
• masses and mixings.
To address some of these points, an enormous fine-tuning is required, e.g. of about
14 orders of magnitude for the doublet-triplet splitting. But the serious fact is
3
that, even if one tolerates to do this unpleasant tunings, minimal models give wrong
predictions. In fact, minimal models predict protons decaying at a too fast rate
for the channel p → K+ν¯, in conflict with experiment (point 1.) and give wrong
relations between fermion masses (point 2.).
It is clear that something is lacking in minimal models. In particular it would
be of crucial importance to extend the Higgs sector in order to:
• give an explanation to the doublet-triplet splitting;
• enhance the prediction of proton lifetime;
• adjust down quarks and charged lepton spectra and correctly describe neutrino
masses.
However, the addition of new fields in the Higgs sector must be done in such a
way not to destroy the only firm starting point, that is coupling unification. Here
troubles come because a realistic model requires so many improvements over the
minimal versions that one could think that the beautiful idea of Grand Unification
is actually not realizable. Note that the effort does not go in the direction of making
precise predictions on poorly measured observables, but rather of doing predictions
which are in not rough conflict with experiment.
The problems and the technical difficulties which are typical of minimal models
are reviewed in chapter 3, together with a review of the main ideas proposed to
overcome them.
Many attempts of constructing realistic models have been done in the context
of SO(10) but in general they lack of predictivity on unification, which should then
occur in an accidental way. This is due to the fact that despite SO(10) is interesting
because it contains right handed neutrinos, it requires a lot of assumptions on the
Higgs content in order to reduce its rank, thus reaching SU(5) or SU(4)⊗ SU(2)⊗
SU(2).
We instead focus the attention directly on Supersymmetric SU(5), which already
possesses the same rank as the Standard Model, trying here to address as many
problems as possible. We present a model which successfully overcomes fine-tunings
problems and which gives predictions in agreement with experiments. This model
exploits the crucial presence of an additional U(1) flavour symmetry.
The fine-tunings linked to the doublet-triplet splitting are avoided by adopting
the Missing Doublet Mechanism and by using the flavour symmetry to stabilize
the Higgs doublet mass against large mass corrections due to non renormalizable
operators. Fermion masses and mixings are reproduced, at the level of the correct
order of magnitude, by the same flavour symmetry. In the neutrino sector the
preferred solution is one with nearly maximal mixing both for atmospheric and
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solar neutrinos, which turn out to be compatible with the LOW solution. The
large atmospheric mixing follows from the presence of large left mixings both in
the Dirac neutrino and charged lepton mass matrices. The latter is correlated to
an unobservable large right mixing of the down quark mass matrix. A third effect
of the flavour symmetry is to adequately suppress non renormalizable operators
inducing proton decay at a too fast rate. Remarkably, the presence of the large
representations demanded by the Missing Doublet Mechanism for the solution of the
doublet-triplet splitting problem, makes possible a decrease of the predicted value
of α3(mZ) assuming coupling unification thanks to an increase of the effective mass
that mediates proton decay induced by dimension 5 operators. As a consequence
the value of the strong coupling is in better agreement with the experimental value
and the proton decay rate is still compatible with present bounds, even if it is
difficult to avoid the conclusion that proton decay must occur with a rate at reach of
current and next generation experiments. Chapter 4 contains a detailed description
of this model. We think that this model is interesting because it proves that a
Supersymmetric SU(5) Grand Unification is not excluded and offers a benchmark
for comparison with experiment.
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Chapter 1
Neutrino Masses and Mixings
Recent data from Super-Kamiokande [1] have provided a more solid experimental
basis for neutrino oscillations as an explanation of the atmospheric neutrino anomaly.
Also the solar neutrino deficit, observed by several experiments, is probably an
indication of a different sort of neutrino oscillations. Neutrino oscillations imply
neutrino masses, so that it is compelling to look for viable extensions of the Standard
Model. In order to fulfill such a program, it is important to recognize that the
extreme smallness of neutrino masses in comparison with quark and charged lepton
masses indicates that the formers have different nature, linked to lepton number
violation.
Thus, neutrino masses provide some insight on the very large energy scale where
lepton number is violated and on Grand Unified Theories (GUTs). Indeed, GUTs
constitute a very natural framework for the generation of neutrino masses, because
they generically predict lepton and baryon number violation. Neutrino masses could
also give an important feedback on the problem of quark and charged lepton masses,
as all these masses are related in GUTs. In particular the observation of a nearly
maximal mixing angle for νµ → ντ is particularly interesting. At present, a large
solar neutrino mixings seems to be slightly more preferable than a small one. Large
mixings in the neutrino sector are very interesting because a first guess was in
favour of small mixings, in analogy to what is observed for left mixings in the quark
sector. If confirmed, single or double maximal mixings can provide an important
hint on the mechanism that generate neutrino masses. With neutrino masses settled,
observation of proton decay will be the next decisive challenge remained to support
or eventually put in crisis GUTs.
After a concise summary of the present experimental status of neutrino masses
and mixings and its future perspective, in this chapter we will review the most
promising mechanisms which reproduce a large atmospheric mixing.
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1.1 Neutrino Oscillations: Present Experimental
Status and Future Perspective
Despite the remarkable progress reached during the last few years, the experimental
status of neutrino oscillations is still very preliminary. While the evidence for the
existence of neutrino oscillations from solar and atmospheric neutrino data is rather
convincing by now, the values of the mass squared differences |∆m2| and mixing
angles are not firmly established. However, there is a general confidence that future
experiments will not only succeed in clarifying such a picture but hopefully will also
find one of the CP violating phases of the neutrino sector and establish the sign of
the ∆m2.
1.1.1 Atmospheric
Present
Data with impressive high statistics are coming from Super-Kamiokande [1] which
are in perfect agreement with the hypothesis of flavour oscillations [2, 3]. Such
hypothesis is consistent with all Super-Kamiokande data and is also corroborated
by independent atmospheric neutrino results from the Soudan-2 [4] and MACRO [5]
experiments, as well as by the pioneering Kamiokande experiment [6].
Zenith-angle distributions, up-down asymmetries and so on provide plenty of
smoking guns for the fact that something actually happens to atmospheric νµ as a
function of LEn with n ≈ −1, where L is the baseline length and E the energy.
In the simplest 2ν case of νµ → ντ , a Super-Kamiokande combined fit indicates
that:
(i) the preferred value of ∆m2atm lies in the range (1.5÷ 5) · 10−3 eV2;
(ii) a large mixing angle appears to be well established: sin22θatm > 0.88 at 90%
confidence level.
Interpreted in terms of 2ν oscillations, Super-Kamiokande favours νµ → ντ over
νµ → νs at 99% confidence level, based on separate analyses of the zenith-angle
distributions. The same conclusions also come from the rate of π0 production, but
in this case systematic uncertainties are still large. Pure νµ → νe transitions do not
provide a good fit to the data, and are independently excluded by the negative νe
disappearance searches in the CHOOZ [7] and Palo Verde [8] reactors.
However, these results have to be taken cum grano salis. Additional oscillation
channels may be open, as naturally expected in 3ν and 4ν schemes accommodating
the current phenomenology. In fact, it has been realized that the dominant νµ →
ντ oscillations plus subdominant νµ → νe oscillations are also consistent [9] with
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combined Super-Kamiokande and CHOOZ data, leading to a much richer three-
flavour phenomenology, as will be discussed in the following. On the other hand,
when the data are analyzed [10, 11] for νµ oscillating into a linear combination of
ντ and νs, one finds such a scenario to be still viable (and also compatible with
solar neutrino data) for a sizeable region of parameter space. These analysis are
very important to determine to what extent the 4ν scenario motivated by the LSND
experiment can be accommodated.
It is clear that the definite evidence would be direct τ production, but this is
not an easy task for Super-Kamiokande. Actually, there is not yet direct evidence
for an oscillation pattern.
Thus, there is still room to speculate on other interpretations, like neutrino decay
[12], decoherence scenarios [13] and νµ mixing with neutrino states propagating in
large extra dimensions [14], which appear indistinguishable with present data with
respect to the L/E distribution. Detailed analysis together with high statistics data
could test these non standard explanations. For instance, the exotic scenario of
neutrino decay seems to fail [9, 15] in reproducing the zenith-angle distributions of
sub-GeV, multi-GeV and up-going muons observed by Super-Kamiokande.
Future
So, future experiments are highly needed, among which long-baseline laboratory
experiments, which require a muon decay source for the neutrino beam, seem to be
very promising in order to:
(i) confirm the existence of atmospheric neutrino oscillations by using a controllable
beam and measuring an oscillation pattern;
(ii) precisely measure |∆m2atm| and sin22θatm;
(iii) make new measurements possible.
The K2K experiment [16] (L=250 km, < Eν >= 1.4 GeV, from KEK to Super-
Kamiokande, in operation), finds an encouraging deficit of events with respect to the
non oscillation hypothesis. The rate is perfectly compatible with ∆m2atm = 3 · 10−3
eV2 and sin22θatm = 1, but the statistics is still low and the significance only about
2σ.
Long-baseline investigations will be pursued by MINOS [17] (L=732 km, from
Fermilab to Soudan, begin in 2002). In addition to (i) and (ii), it should be able
to discriminate between νµ → ντ and νµ → νs and to measure |Ue3| from νe → νµ
appearance.
OPERA and ICANOE [18] (L=743 km, from CERN to Gran Sasso, approved),
have the main purpose of looking for τ detection as the smoking gun for νµ → ντ
oscillations. They also should be sensitive to |Ue3|.
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With respect to long-term future, neutrino factories together with very long
baselines (L ∼ 3000 km) appear [19] to offer the possibility of determining the sign
of ∆m2atm from matter effects on the Earth crust, measuring with an accuracy of
tenths of degrees the angle θ13, down to values of θ13 = 1
o. The CP violating phase
δ could also be measured if the solar neutrino parameters lie in the range of the
MSW-LMA solution.
1.1.2 Solar
Present
For solar neutrinos the experimental situation and the interpretation in terms of
frequency and mixing angles is less clear.
The solar neutrino experiments [20] sample different νe energy ranges and find
different flux deficits compared to the Standard Solar Model (SSM) [21], as shown
in Table 1.1, so that the νe survival probability is inferred to be energy dependent.
flux(exp) / flux(SSM)
GALLEX 0.60± 0.06
SAGE 0.52± 0.06
Homestake 0.33± 0.03
Super-Kamiokande 0.47± 0.02
Table 1.1: For the energy range specific of each type of experiment, the ratio between
the experimentally measured neutrino flux and the flux predicted by the SSM is
shown.
Global oscillation fits have been made which include: total rates (the different
suppression ratio for Homestake plays a vital role), day-night asymmetry, seasonal
dependence beyond 1/r2. Typical candidate solar solutions are given in Table 1.2.
Interesting recent developments by Super-Kamiokande (with reduced background
and threshold of 5 MeV) show that the flux deficit is confirmed but no other direct
signal of oscillations emerges: the spectrum is compatible with flat, the day-night
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solution ∆m2sol(eV
2) sin22θsol
SMA-MSW ∼ 5 · 10−6 ∼ 5 · 10−3
LMA-MSW ∼ 2 · 10−5 ∼ 1
LOW ∼ 10−7 ∼ 1
VO ∼ 10−(9÷10) ∼ 1
Table 1.2: Typical solar solutions from global fits.
asymmetry is reduced at the 1.3 σ level and the seasonal variation is compatible
with the flux variation from the orbit eccentricity. These last two facts disfavour
respectively the SMA-MSW and the VO at the 95% confidence level. We are left
with the LMA-MSW and the LOW, both with large mixing. The pure transition
νe → νs is disfavoured at 95%. It is important to keep in mind that the ∆m2sol
values of the above solutions are determined by the experimental result that the
flux suppression is energy dependent. If the Homestake indication were disregarded,
new energy independent solutions would emerge, with much more extended ranges
for ∆m2sol.
All these conclusions need to be confirmed by updated global analysis, without
forgetting the region with θsol > π/4, as well as matter and vacuum effects. It is
also important to analyze the data in the 3ν and 4ν schemes, to understand to what
extent a component νe → νs is tolerated [10].
Future
The experimental situation will be hopefully clarified with the results from future
experiments like SNO [22], BOREXINO [23] and KamLAND [24].
In the present Phase I, SNO clearly sees the signal from charged current (CC)
reactions νe+d→ p+p+e−, with an energy spectrum which seems to be proportional
to that of the SSM. It also sees a clear signal from elastic scattering (ES)
∑
i νi+e→∑
i νi+e. The ratio CC/ES is expected to be measured in a sufficiently accurate way
to reveal at 3σ if high energy neutrinos with i 6= e are coming from the Sun at a rate
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consistent with the observed deficit of νe with respect to the SSM expectation. In the
following Phase II, the neutral current (NC) cross section
∑
i νi+ d→ p+ p+
∑
i νi
will be measured. With also the ratio of NC/CC, SNO should be able to discriminate
between different solar neutrino scenarios.
BOREXINO can measure in real time the 7Be flux and is sensitive to the VO
solution.
KamLAND, starting in 2001, should be able to test definitively the LMA-MSW
and LOW solutions, using neutrinos from nuclear power reactors. It should also
measure the day-night and seasonal effects for 7Be neutrinos.
Thus it seems possible that the solar neutrino problem will be better clarified in
the near future.
1.1.3 LSND
The issue of the additional claim for νe → νµ neutrino oscillations from the LSND
experiment [25] is still open, because it is neither confirmed nor completely excluded
by KARMEN-2 [26]. The range still surviving is at small mixing angle and with
∆m2 = (0.2÷ 2) eV2. This range is much above the solar and atmospheric neutrino
frequencies, so that the need to accommodate a third frequency would imply the
existence of a fourth light sterile neutrino, in addition to the three established weak
interacting flavours, which should mix with solar and/or atmospheric neutrinos.
MiniBOONE, starting in 2002, is an experiment designed to solve this problem. It
will be possibly followed by BOONE, if the signal is confirmed.
1.1.4 Three Flavour Analysis
Given the present experimental uncertainties the theorist has to make some assump-
tions on how the data will finally look like in the future. Here and in all the following
sections, we tentatively assume that the LSND evidence will disappear. If so then
we only have two oscillations frequencies, which can be given in terms of the three
known species of light neutrinos without additional sterile kinds.
As pointed out, Super-Kamiokande data are compatible with nearly maximal
νµ → ντ two flavour oscillations, but, among the possible deviations from this stan-
dard picture, three flavour oscillations appear to be perfectly viable. In fact, Super-
Kamiokande data do not exclude a non-vanishing Ue3 element.
We then take for granted that the frequency of atmospheric neutrino oscillations
will remain well separated from the solar neutrino frequency, even for the MSW
solutions: ∆m2atm > ∆m
2
sol. Assuming that two out of three active neutrinos are
almost degenerate, say m1 ≈ m2, one can show [9] that atmospheric neutrinos probe
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only ∆m2atm = m
2
3 − m21,2 and the mixing matrix elements Uα3, which satisfy the
unitarity constraint U2e3+U
2
µ3+U
2
τ3 = 1. The unitarity constraint can be conveniently
embedded in a triangle plot. The best fit for Super-Kamiokande data (70.5 kTy) is
found at [27] (∆m2atm, U
2
e3, U
2
µ3, U
2
τ3) = (3.5 · 10−3eV 2, 0.07, 0.57, 0.36). The tolerated
νµ → νe mixing is constrained by U2e3 < 0.31 at 90% confidence level.
The weak preference for U2e3 6= 0 is suppressed by including CHOOZ data.
The best fit for combined Super-Kamiokande and CHOOZ data gives (∆m2atm, U
2
e3,
U2µ3, U
2
τ3) =(3.0 · 10−3eV 2, 0., 0.5, 0.5), with the further constraint U2e3 < 0.04 at 90%
confidence level.
It appears very difficult to probe, with present atmospheric data, values of U2e3
as small as a few %. Constraining U2e3 is one of the major tasks for future reactor
and accelerator neutrino experiments.
1.2 Beyond the Standard Model
Assuming just three flavours, neutrino oscillations are due to a misalignment between
the flavour basis ν ′ ≡ (νe, νµ, ντ ), where νe is the partner of the mass and flavour
eigenstate e− in a left-handed weak isospin SU(2) doublet (similarly for νµ and ντ ),
and the neutrino mass eigenstates ν ≡ (ν1, ν2, ν3):
|ν ′〉 = U |ν〉, (1.1)
where U is the MNS 3 by 3 mixing matrix [3]. The presence of mixing implies that
neutrinos cannot be all massless and actually the presence of two different oscillation
frequencies implies at least two different non zero masses. Neutrino oscillations are
practically only sensitive to differences ∆m2 so that the absolute scale of squared
masses is not fixed by the observed frequencies.
1.2.1 Neutrino Masses and Lepton Number Violation
Neutrino oscillations imply neutrino masses which in turn demand either the ex-
istence of right handed neutrinos (Dirac masses) or lepton number (L) violation
(Majorana masses) or both. Anyway, one is forced to go beyond the Standard
Model (SM). In fact, referring to three neutrino generations, in the SM Lagrangian
density only the term iνL
T/DνL appears, where Dµ is the SU(2) ⊗ U(1) gauge co-
variant derivative and νL = (νe νµ ντ )
T is a column of three Weyl spinors in
a four-component notation (a Weyl spinor has only two independent components)
satisfying νL = 1/2 (1 + γ5)νL. The standard convention is to assign L(νL) = 1.
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If no additional right handed neutrino field NR = (Ne Nµ Nτ )
T (satisfying
NR = 1/2 (1− γ5)NR and with L(NR) = 1) is allowed, there isn’t the possibility of
including in the Lagrangian the Dirac mass term
LDir ∋ −νLTmDNR + h.c. (1.2)
which, by defining ν = νL + NR, can be written as LDir ∋ −νTmDν, mD being
a matrix in flavour space. The above term do not violate L, which is an additive
quantum number.
For a massive charged particle of spin 1/2 one needs four states, while only two
are enough for an intrinsically neutral particle. If L is violated, there is no conserved
quantum number that really makes neutrinos and antineutrinos different and a new
type of mass term is possible. We can have a Majorana mass term
LMaj ∋ −1
2
(νc)R
T
mLLνL + h.c. = −1
2
νtL
T
CmLLνL + h.c.
.
= −1
2
νTLmLLνL + h.c. (1.3)
where (νc)R = CνL
t and C is the 4 by 4 matrix in Dirac space that implements charge
conjugation. We denote by t the transposition in Dirac space, while maintaining
T for the transposition in flavour space. The Majorana mass term violates L by
two units. Also, since in the SM νL is a weak isospin doublet, it transforms as a
component of an isospin triplet. In the following, as we are only interested in flavour
indices and not in Dirac indices, we will simply denote the Majorana term for left
handed fields by νTLmLLνL+h.c., omitting the Dirac matrix C and the transposition
t. Note that if L is violated and NR also exists, then a second type of Majorana
mass is also possible which is
LMaj ∋ −1
2
NTRmRRNR + h.c. , (1.4)
where we again omitted C and t. Clearly it also violates L by two units, but, since
NR is a gauge singlet, this term is invariant under the SM gauge group.
In conclusion, if NR does not exist, we can only have a Majorana mass mLL if L
is violated. If NR exists and L is violated, we can have both Dirac mD and Majorana
masses mLL and mRR.
If one wants to give masses to neutrinos but to avoid the conclusion that L is
violated, then one must assume that NR exists and that neutrinos acquire Dirac
masses through the usual Higgs mechanism as quark and leptons do. Technically
this is possible. But there are two arguments against this possibility.
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1) The first argument is that neutrino masses are extremely small so that the cor-
responding Yukawa couplings would be enormously smaller than those of any other
fermion. Note that within each generation the spread of masses is by no more than
a factor 103÷5. But the spread between the t quark and the heaviest neutrino would
exceed a factor of 1011.
2) A second argument arises from the fact that once we introduce NR in the theory,
then the L violating term NTRmRRNR is allowed in the Lagrangian density by the
gauge symmetry. In the minimal SM, i.e. without NR, L and B conservation are ac-
cidental global symmetries that hold because there is no operator term of dimension
≤ 4 that violates B and L but respects the gauge symmetry. On the other hand, in
the presence of NR, the dimension 3 operator N
T
RmRRNR is gauge symmetric but vi-
olates L. We expect a mass factor in front of this operator in the Lagrangian density,
and in the absence of a protective symmetry, we expect it to be of the order of the
cut off, i.e. of order MGUT or larger. Thus, L number violation is naturally induced
by the presence of NR, unless we enforce it by hand. Once we accept L violation we
gain an elegant explanation for the smallness of neutrino masses as they turn out
to be inversely proportional to the large scale where lepton number is violated.
1.2.2 Smallness of Neutrino Masses
Given that neutrino masses are extremely small, it is really difficult from the theory
point of view to avoid the conclusion that L must be violated. In fact, it is only
in terms of lepton number violation that the smallness of neutrino masses can be
explained as inversely proportional to the very large scale where L is violated, of
order MGUT .
Assuming three neutrino flavours ν ′L = (νe νµ ντ )
T , consider the following two sit-
uations (in the neutrino interaction basis and after having diagonalized the charged
lepton mass matrix).
• If L is not conserved, even in the absence of NR, Majorana masses can be gen-
erated for neutrinos by allowing in the Lagrangian the presence of dimension
five operators of the form
O5 = −1
2
(LT · φ) λ (L · φ)
M
∋ −1
2
ν ′TL λ ν
′
L
M
〈φ0〉〈φ0〉 (1.5)
with φ = (φ+ φ0)T being the ordinary Higgs doublet, L = (ν ′L lL)
T the weak
lepton doublet, λ a matrix in flavour space and M a large scale (· is put to
remember the weak isospin). Neutrino masses generated by O5 are then of
the order mν ∼ v2/M for λij ∼ O(1), where 〈φ0〉 = v ∼ O(100 GeV) is the
vacuum expectation value of the ordinary Higgs.
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• The existence of a right handed neutrinos is quite plausible because all GUT
groups larger than SU(5) require them. In particular, the fact that a field
with the same quantum numbers of a right handed neutrino completes the
representation 16 of SO(10): 16 = 5¯ + 10 + 1, so that all fermions of each
family are contained in a single representation of the unifying group, is too
impressive not to be significant. At least as a classification group SO(10) must
be of some relevance. Assuming that there are both NR = (Ne Nµ Nτ )
T and
L violation, the see-saw mechanism [28] is possible. Consider the mass terms
in the Lagrangian corresponding to Dirac and RR Majorana mass matrices
(we consider LL Majorana mass terms as comparatively negligible) in the
interaction basis in which charged leptons are diagonal:
Lseesaw = −ν ′LTmDNR + 1
2
NTRMRRNR + h.c. (1.6)
The 3 by 3 matrices mD and MRR are the Dirac and Majorana mass matrices
in flavour space (MRR is symmetric, MRR = M
T
RR, while mD is, in general,
non hermitian and non symmetric). One expects mD to come from the Higgs
mechanism: LY uk ∋ −ν ′LTyDNR〈φ0〉. We expect the eigenvalues ofMRR to be
of orderMGUT or more because RR Majorana masses are SU(3)×SU(2)×U(1)
invariant, hence unprotected and naturally of the order of the cut off of the
low-energy theory. Since all NR are very heavy we can integrate them away
and the resulting effective neutrino mass matrix is:
Lseesaw = −1
2
ν ′TLm
eff
ν ν
′
L + h.c. (1.7)
with
meffν = mDM
−1
RRm
T
D . (1.8)
This is the well known see-saw mechanism [28] result: the light neutrino masses
are quadratic in the Dirac masses and inversely proportional to the large Ma-
jorana mass. If some NR are massless or light they would not be integrated
away but simply added to the light neutrinos.
Here we assumed that the additional non renormalizable terms from O5 are com-
paratively negligible, otherwise they should simply be added. After elimination of
the heavy right-handed fields, at the level of the effective low energy theory, the
two types of terms are equivalent. In particular they have identical transformation
properties under a chiral change of basis in flavour space. The difference is, how-
ever, that in the see-saw mechanism, the Dirac matrix mD is presumably related to
ordinary fermion masses because they are both generated by the Higgs mechanism
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(mD = yDv) and both must obey GUT-induced constraints. Thus, if we assume
the see-saw mechanism more constraints are implied. In particular we are led to
the natural hypothesis that mD has a largely dominant third family eigenvalue in
analogy to mt, mb and mτ which are by far the largest masses among u quarks, d
quarks and charged leptons. Once we accept that mD is hierarchical it is very dif-
ficult to imagine that the effective light neutrino matrix, generated by the see-saw
mechanism, could have eigenvalues very close in absolute value.
Then, assuming that one neutrino mass, presumably the third generation neu-
trino mass m3, is much larger than any other, we have ∆m
2
atm ≈ m23, which means
|m3| ≈ 0.05 eV. If we apply the see-saw formula assuming that the Majorana RR
masses lie around M , then, with |m3| ≈ 0.05 eV, mD33 ∼ 200 GeV (like the top
quark mass or the Higgs vev), we findM ∼ 0.8 ·1015 GeV, a value amazingly close to
MGUT . This supports the initial assumption that indeed neutrino masses are related
to the scale of L violation.
1.2.3 Approximate Mixing Matrix in the Neutrino Sector
Given the definition of the mixing matrix U in eq. (1.1) and the transformation
properties of the effective light neutrino mass matrix meffν = m
eff
ν
T
:
ν ′TLm
eff
ν ν
′
L = ν
T
L (U
Tmeffν U)νL
UTmeffν U = Diag[e
iφ1m1, e
iφ2m2, m3] ≡ mdiag (1.9)
where m1,2,3 are real and positive, we obtain the general form of m
eff
ν :
meffν = UmdiagU
T . (1.10)
The MNS matrix U can be parameterized in terms of three mixing angles and one
phase, exactly as for the quark mixing matrix VCKM .
U =
 c12c13 s12c13 s13−s12c23eiδ − c12s13s23 c12c23eiδ − s12s13s23 c13s23
s12s23e
iδ − c12s13c23 −c12s23eiδ − s12s13c23 c13c23
 . (1.11)
In addition we have the two phases φ1 and φ2 that are present because of the
Majorana nature of neutrinos. Thus, in general, 9 parameters are added to the SM
when non vanishing neutrino masses are included: 3 eigenvalues, 3 mixing angles
and 3 CP violating phases [29, 30].
Maximal atmospheric neutrino mixing and the requirement that the electron
neutrino does not participate in the atmospheric oscillations, as indicated by the
18 CHAPTER 1. NEUTRINO MASSES AND MIXINGS
Super-Kamiokande and CHOOZ data, lead directly to consider as good approxima-
tion: |Uµ3| = |Uτ3|=1/
√
2 and Ue3 = 0. Hence, c23 = s23 = 1/
√
2 and s13 = 0, c13 = 1
(but different sign conventions are possible [31]) and the following structure of the
Ufi (f = e, µ, τ , i = 1, 2, 3) mixing matrix is obtained:
Ufi =
 c12 s12 0−s12/√2 c12/√2 1/√2
s12/
√
2 −c12/
√
2 +1/
√
2
 . (1.12)
This result refers to the case of arbitrary solar mixing angle s12 ≡ sin θsol, so that
c12 = s12 = 1/
√
2 holds for maximal solar mixing. In the limit Ue3 = 0, all CP
violating effects vanish and we can neglect the additional phase parameter δ generally
present in Ufi: the matrix U is real and orthogonal and equal to the product of a
rotation by π/4 in the 23 plane times a rotation in the 12 plane.
While the simple parameterization of the matrix U in eq. (1.12) is quite useful
to guide the search for a realistic pattern of neutrino mass matrices, it should not
be taken too literally. In particular, as stressed in section 1.1.4, the data do not
exclude a non-vanishing Ue3 element.
1.3 How to Reproduce the Large Atmospheric
Mixing
1.3.1 Mass Hierarchies and Approximate Zeroth Order Tex-
tures
Note that since we are assuming only two frequencies, given by
∆sol = m
2
2 −m21, ∆atm ∼= m23 −m21,2 , (1.13)
there are three possible hierarchies of mass eigenvalues [32, 31]:
A : |m3| >> |m2,1|
B : |m1| ∼ |m2| >> |m3|
C : |m1| ∼ |m2| ∼ |m3| (1.14)
(in case A there is no prejudice on the m1, m2 relation). For B and C different
subcases are then generated according to the relative sign assignments for m1,2,3.
Using eqs. (1.9) and (1.12), for each case, by setting to zero the small masses, it
is possible to find [32, 33] the effective light neutrino matrices which automatically
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lead to maximal atmospheric mixing 1. Such zeroth order texture can be taken as
guides in the construction of specific models for neutrino masses and mixings.
For example, in case A, mdiag = Diag[0, 0, m3] and we obtain
A : mdiag = Diag[0, 0, 1] m3 → meffν =
 0 0 00 1
2
1
2
0 1
2
1
2
m3 . (1.15)
In this particular case the results are the same for double and single maximal mixing.
Note that the signs correspond to the phase convention adopted in eq. (1.12).
One example of case B follows by taking mdiag = Diag[m1,−m1, 0] with double
maximal mixing, so that:
B : mdiag = Diag[1,−1, 0] m1 → meffν =
 0 − 1√2 1√2− 1√
2
0 0
1√
2
0 0
m1 . (1.16)
A strong constraint arises in case C from the non observation of neutrino-less
double beta decay which requires that the ee entry of meffν must obey |(mν)ee| ≤
0.2 eV [34]. As observed in ref. [35], if the average neutrino mass is around 1 eV, it
can only be satisfied if bimixing is realized (that is double maximal mixing, with solar
neutrinos explained by the VO solution or maybe by the large angle MSW solution).
The reason is that, as results from eqs. (1.9) and (1.12), (mν)
eff
ee = m1c
2
12 +m2s
2
12.
For the required cancellation one needs opposite signs form1 andm2 and comparable
values of c212 and s
2
12, that is nearly maximal solar mixing. In this case, one example
of case C is:
C : mdiag = Diag[−1, 1, 1] m1 → meffν =
 0 1√2 − 1√21√
2
1
2
1
2
− 1√
2
1
2
1
2
m1 . (1.17)
It is possible to proceed similarly in all the other cases [33]. Once a solution to
the solar neutrino problem is chosen and a set of suitable small perturbation terms
is introduced, oscillation phenomena are unable to distinguish between the cases A,
B and C. However, from the model building point of view, each texture represents
an independent possibility in a zeroth order approximation.
1Note that here we are working in the basis where the charged lepton masses are diagonal,
and approximately given by ml = Diag[0, 0,mτ ]. For model building one has to arrange both the
charged lepton and the neutrino mass matrices so that the neutrino results coincide with those
given here after diagonalization of charged leptons.
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1.3.2 Degenerate Neutrinos
Configurations B and C imply a very precise near degeneracy of squared masses.
For instance, case C with mi ∼ 1 eV would require a relative splitting |∆m/m| ∼
∆m2atm/2m
2 ∼ 10−(3÷4) and a much smaller one for solar neutrinos, especially if
explained by the VO solution: |∆m/m| ∼ 10−(10÷11). Case C is the only one in
which neutrinos could represent a significant component of hot dark matter. An
intermediate possibility between the case of degenerate neutrino masses and the
case of hierarchical ones is the situation B in eq. (1.14). With two almost degen-
erate heavier states and a nearly massless neutrino we cannot reach a mass range
interesting for cosmological purposes. However, since the experimentally accessible
quantities are the squared mass differences, case B remains an open possibility.
As mentioned above, it appears to be unplausible that starting from hierarchical
Dirac matrices we end up via the see-saw mechanism into a nearly perfect degen-
eracy of squared masses. Thus models with degenerate neutrinos could only be
natural if the dominant contributions directly arise from non renormalizable opera-
tors like O5 in eq. (1.5) because they are a priori unrelated to other fermion mass
terms. The degeneracy of neutrinos should be guaranteed by some slightly broken
symmetry, which could also give the small terms required to go beyond the zeroth
order approximation. Models based on discrete or continuous symmetries have been
proposed [36].
Notice however that, for the VO scenario, even if arranged at the GUT scale, it
is doubtful that such a precise degeneracy could be stable against renormalization
group corrections when running down at low energy unless it is protected by a
suitable symmetry [37, 38]. For instance, working only with the light neutrinos, the
U(1)Q charge Q ≡ (Le − Lµ − Lτ ) allows at leading order [39] for the texture of
the example in (1.16). The non-vanishing entries (mν)12 and (mν)13 are expected to
be of the same order, although not necessarily equal. The vanishing entries can be
filled by the ratio of the vev 〈ϕ〉 of a scalar field carrying two units of Q and a mass
scale M providing the cut off to the low-energy theory:
mν = m
 ǫ 1 11 ǫ ǫ
1 ǫ ǫ
 , (1.18)
where ǫ = 〈ϕ〉/M and only the order-of-magnitudes are indicated. For values of ǫ
smaller than 1 one obtains a small perturbation of the zeroth order texture. The
mixing matrix has a large, not necessarily maximal, mixing angle in the 23 sector,
a nearly maximal mixing angle in the 12 sector and a mixing angle of order ǫ in
the 13 sector [40]. The mass parameter m should be close to 10−(1÷2) eV to provide
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the frequency required by the atmospheric oscillations. Finally, m22 −m21 ∼ m2ǫ. In
this model the VO solution to the solar neutrino deficit would require a very tiny
breaking term, ǫ ∼ O(10−7). The symmetry protects the degeneracy of m1 and m2
against renormalization group corrections [38, 41].
This mechanism is a typical example of such models which are very attractive at
first glance, but which, after a deeper analysis, turns out to be incomplete. In fact,
the symmetry introduced is not able to account for the spectra of charged leptons
- which, in this model, would be roughly degenerate - and of quarks. Thus, in
order to construct a complete model of fermion masses, one has to do some further
assumption. For instance one can introduce an ad hoc flavour symmetry which
fulfills this task without damaging the effective neutrino mass matrix.
1.3.3 Hierarchical Neutrinos
We now discuss models of type A with large effective light neutrino mass split-
tings and large mixings. Reconciling large splittings with large mixing would seem
difficult. Indeed, one could guess that, in analogy to what is observed for quarks,
large splittings correspond to small mixings because only close-by states are strongly
mixed. In particular it is of basilar importance to find a mechanism which leads to
the large atmospheric mixing. Actually, there are mainly two ways in which this
situation can be achieved.
Large Mixing from Stretching
The first one arises by stretching some parameters [42]. For instance, one could
start with not too small 23 mixings both in the charged lepton and in the effective
neutrino mass matrices. For instance, take θl ∼ θν ∼ θC ∼ 130 where θC is the
Cabibbo angle. If the relative phases are such that the two angles just add, then
from two not too small angles one can end up with a large one. Clearly the situation
is not very satisfactory because the largeness of the mixing is completely accidental
rather than descending as a consequence of some mechanism. In addition, one can
expect at most the mixing to be large, but not at all to be exactly maximal.
Large Mixing from the See-Saw
Via the see-saw mechanism [28], there are other two particularly simple subcases in
which a large atmospheric mixing can be realized. They are based on the observation
that, in a 2 by 2 matrix context, the requirement of large splitting and large mixings
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leads to a condition of vanishing determinant. For example the matrix
m ∝
[
x2 x
x 1
]
. (1.19)
has eigenvalues 0 and 1 + x2 and for x of O(1) the mixing is large. Thus, in the
limit of neglecting small mass terms of order m1,2, the demands of large atmospheric
neutrino mixing and dominance of m3 translate into the condition that the 2 by 2
subdeterminant 23 of the 3 by 3 mixing matrix vanishes. The problem is to show that
this approximate vanishing can be arranged in a natural way without unacceptable
fine tuning.
Without loss of generality, leaving aside for the moment the possible presence
of flavour symmetries, one can go to the basis where both the charged lepton Dirac
mass matrix ml and the Majorana matrix MRR of the right handed neutrinos are
diagonal. For simplicity, we start assuming that the role of the first generation is
not crucial in the mechanism for the generation of neutrino masses, so than one can,
with good approximation, work in the 2 by 2 case (in the next section this condition
will be relaxed). Writing mD and MRR, defined as in eq. (1.6), in the most general
way
mD = v
[
a b
c 1
]
, MRR =
[
M2 0
0 M3
]
, (1.20)
where v is a vacuum expectation value, a, b and c are Yukawa couplings, then, via
the see-saw, one obtains:
meffν =
v2
M3

a2
M2
+
c2
M3
a b
M2
+
c
M3
a b
M2
+
c
M3
b2
M2
+
1
M3
 . (1.21)
The request of large splittings among the light neutrino eigenvalues is equivalent to
demanding that the determinant of meffν is much smaller than its trace. It is then
possible to see at glance that two cases arise exhibiting large mixing, that is when
the terms with respectively M3 or M2 at the denominator are dominant.
• Case I: Large mixing from mD
One simple example of the first case is realized if M2 ∼ M3 and a, b ≪ 1.
In order to have a large splitting, one must have c ∼ 1, that is the right
handed neutrino of the third generation couples with the same strength [43]
to left handed νµ and ντ . The heaviest mass for light neutrinos is then m3 ∼
v2/M3. As already pointed out, in the hierarchical case the data from Super-
Kamiokande give m3 ∼ 0.05 eV so that, if one assumes that v is a typical weak
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scale, namely 200 GeV, then M3 ∼ 1015 GeV, just a bit lower than the GUT
scale.
It is worth to stress that this first mechanism makes use of a strongly asym-
metric Dirac matrix, that is a matrix with a large left handed mixing already
present. It has been observed [32, 44, 45, 46, 47] that in SU(5) left handed
charged lepton mixings correspond to right handed mixings for down quarks
(more on this later on). Large right handed quark mixings are not in contrast
with experiment and viable GUT models that correctly reproduce the data on
fermion masses and mixings can be constructed following this mechanism.
• Case II: Large mixing from nothing
An alternative possibility [48] is to have dominance of the terms withM2 at the
denominator. This is achieved for any c < 1 if a2, b2 > M2/M3. The request
for large splitting is then equivalent to the requirement that also a ∼ b. Now
it is the second generation right handed neutrino which is particularly light
and which couples with the same strength [43] to left handed νµ and ντ . In
order to be more specific, consider the following example with symmetric ma-
trices. These matrices are interesting because, for instance, one could want to
preserve left right symmetry at the GUT scale. Then, the observed smallness
of left handed quark mixings would also demand small right handed mixings.
Starting from
mD = v
[
ǫ xǫ
xǫ 1
]
, M−1RR =
1
M3
[
r2 0
0 1
]
, (1.22)
where ǫ is a small number, x is of O(1) and r2 ≡M3/M2, then, via the see-saw,
it is sufficient that ǫ2r2 ≫ 1 in order to have approximately:
meffν =
v2
M3
ǫ2r2
[
1 x
x x2
]
. (1.23)
The determinant is naturally vanishing so that the mass eigenvalues are widely
split and for x ∼ 1 the mixing is nearly maximal. It is exactly maximal if
x = 1. The see-saw mechanism has created large mixing from almost nothing:
all relevant matrices entering the see-saw are nearly diagonal [48, 49], that
is they are diagonalized by transformations that go into the identity in the
limit of vanishing ǫ. Clearly, the crucial factorization of the small parameter
ǫ2 only arises if the light Majorana eigenvalue is coupled to νµ and ντ with
comparable strength, that is x ∼ 1. An interesting feature of this second
case, in connection with a possible realization within a GUT scheme, is that it
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requiresM3 > v
2/m3, so that one can pushM3, the scale of L violation, beyond
the GUT scale. This is a desirable feature because, for instance, it is expected
in SU(5) if right handed neutrinos are present and also in the breaking of
SO(10) to SU(5). Summarizing, the second case require a peculiar hierarchy
in the Majorana eigenvalues in order to work, but it has however the good
characteristic of being realized with nearly diagonal matrices.
In the next chapter we present concrete examples which realize Case I and Case
II in a 3 by 3 context, the desired textures being motivated by the introduction of
a suitable flavour symmetry.
Chapter 2
Models For Hierarchical Neutrinos
with Large Atmospheric Mixing
2.1 A Model with Large Mixing from mD
By left handed mixing we mean non diagonal matrix elements that can only be
eliminated by a large rotation of the left handed fields. Thus the question is how
to reconcile large left handed mixings in the leptonic sector with the observed near
diagonal form of VCKM , the quark mixing matrix. Strictly speaking, since VCKM =
U †uUd, the individual matrices Uu and Ud need not be near diagonal, but VCKM
does, while the analogue for leptons, U of eq. (1.12), cannot be near diagonal.
However nothing forbids for quarks that, in the basis where mu is diagonal, the d
quark matrix has large non diagonal terms that can be rotated away by a pure right
handed rotation.
Right handed mixings for quarks can correspond to left handed mixings for
leptons. In fact, in the context of SUSY SU(5) [50] there is a very attractive hint
of how this can be realized. In the 5¯ of SU(5) the dc singlet appears together with
the lepton doublet (ν, e). The (u, d) doublet and ec belong to the 10 and νc to the
1 and similarly for the other families. As a consequence, in the simplest model with
mass terms arising from only Higgs pentaplets, the Dirac matrix of down quarks is
the transpose of the charged lepton matrix: mdD = (m
l
D)
T . Thus, indeed, a large
mixing for right handed down quarks corresponds to a large left handed mixing for
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charged leptons because, at leading order we may have 1:
mdD = (m
l
D)
T =
 0 0 00 0 0
0 1 1
 vd (2.1)
In the same simplest approximation with 5 or 5¯ Higgs, the up quark mass matrix is
symmetric, so that left and right mixing matrices are equal in this case. Then small
mixings for up quarks and small left handed mixings for down quarks are sufficient
to guarantee small VCKM mixing angles even for large d quark right handed mixings.
If these small mixings are neglected, we expect:
muD =
 0 0 00 0 0
0 0 1
 vu . (2.2)
The crucial fact is that when the charged lepton matrix is diagonalized the large left
handed mixing of the charged leptons is transferred to the neutrinos. To see this,
note that in SU(5) we can always diagonalize the u mass matrix by a rotation of
the fields in the 10, the Majorana matrix M by a rotation of the 1 and the effective
neutrino matrix mν by a rotation of the 5¯. In this basis the d quark mass matrix
fixes VCKM and the charged lepton mass matrix fixes U , the neutrino mixing matrix.
2.1.1 The Choice of Horizontal Abelian Charges
We give here an explicit example [32] of the mechanism under discussion in the
framework of a unified SUSY SU(5) theory with an additional U(1)F flavour sym-
metry [51]. This model is to be taken as merely indicative, in that some important
problems, like, for example, the cancellation of chiral anomalies, are not tackled
here. Most importantly, in the following minimal version, it has the unpleasant
feature of predicting the same spectrum for down quarks and charged leptons. The
problem of the differentiation of these spectra will be addressed in the following
chapters. Despite this, we find it impressive that the general pattern of all what we
know on fermion masses and mixings is correctly reproduced at the level of orders
of magnitude. We regard the present model as a low-energy effective theory valid
at energies close to MGUT ≪ MP l. We can think to obtain it by integrating out the
heavy modes from an unknown underlying fundamental theory defined at an energy
scale close to MP l. From this point of view the gauge anomalies generated by the
1Here and in the following we write Dirac mass matrices with the convention L¯mDR.
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light supermultiplets listed below can be compensated by another set of supermul-
tiplets with masses above MGUT , already eliminated from the low-energy theory.
In particular, we assume that these additional supermultiplets are vector-like with
respect to SU(5) and chiral with respect to U(1)F . Their masses are then naturally
expected to be of the order of the U(1)F breaking scale, which, in the following
discussion, turns out to be near MP l. It is possible to check explicitly the possibility
of canceling the gauge anomalies in this way but, due to our ignorance about the
fundamental theory, it is not particularly instructive to illustrate the details here.
In this model the known generations of quarks and leptons are contained in
triplets Ψa10 and Ψ
a
5¯, (a = 1, 2, 3) transforming as 10 and 5¯ of SU(5), respectively.
Three more SU(5) singlets Ψa1 describe the right handed neutrinos. We start by
discussing the Yukawa coupling allowed by U(1)F -neutral Higgs multiplets ϕ5 and
ϕ5¯ in the 5 and 5¯ SU(5) representations and by the flavon X , singlet of SU(5) with
F = −1.
We assign to these fields the following F -charges:
field Ψ10 Ψ5¯ Ψ1 X
F (3, 2, 0) (3, 0, 0) (1,−1, 0) −1
Table 2.1: F charge assignments.
2.1.2 Charged Fermion Mass Matrices
In the quark sector we obtain 2:
muD = (m
u
D)
T =
λ6 λ5 λ3λ5 λ4 λ2
λ3 λ2 1
 vu , mdD =
λ6 λ3 λ3λ5 λ2 λ2
λ3 1 1
 vd , (2.3)
from which we get the order-of-magnitude relations:
mu : mc : mt = λ
6 : λ4 : 1
md : ms : mb = λ
6 : λ2 : 1 (2.4)
2In eq. (2.3) the entries denoted by 1 in muD and m
d
D are not necessarily equal. As usual, such
a notation allows for O(1) deviations. Also remember that we write Dirac mass matrices with the
convention L¯mDR.
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and
Vus ∼ λ , Vub ∼ λ3 , Vcb ∼ λ2 . (2.5)
Here vu ≡ 〈ϕ5〉, vd ≡ 〈ϕ5¯〉 and λ denotes the ratio between the vev of X and
an ultraviolet cut off identified with the Planck mass MP l: λ ≡ 〈X〉/MP l. To
correctly reproduce the observed quark mixing angles, we take λ of the order of the
Cabibbo angle. The fermion spectrum depends on 〈X〉 and MP l only through the
ratio λ. In chapter 4 we will see how λ can be dynamically generated by minimizing
the X-dependent effective potential of the theory. For non-negative F -charges, the
elements of the quark mixing matrix VCKM depend only on the charge differences
of the left handed quark doublet [51]. Up to a constant shift, this defines the choice
in Table 2.1. Equal F -charges for Ψ2,3
5¯
are then required to fit mb and ms. We will
comment on the lightest quark masses later on.
At this level, the mass matrix for the charged leptons is the transpose of mdD:
mlD = (m
d
D)
T (2.6)
and we find:
me : mµ : mτ = λ
6 : λ2 : 1 (2.7)
The O(1) off-diagonal entry of mlD gives rise to a large left handed mixing in the
23 block which corresponds to a large right handed mixing in the d mass matrix.
Thus, this situation corresponds to Case I of section 1.3.3.
2.1.3 Neutrino Sector
Two different situations arise allowing or not for the presence of the additional anti-
flavon field X¯ , with F = 1. Let us first consider what happens allowing for the pair
X and X¯ .
Two Flavons
In the neutrino sector, the Dirac and Majorana mass matrices are given by:
mD =
λ4 λ2 λ3λ λ′ 1
λ λ′ 1
 vu , M =
λ2 1 λ1 λ′2 λ′
λ λ′ 1
 M¯ , (2.8)
where λ′ ≡ 〈X¯〉/MP l and M¯ denotes the large mass scale associated to the right
handed neutrinos: M¯ ≫ vu,d.
2.1. A MODEL WITH LARGE MIXING FROM MD 29
After diagonalization of the charged lepton sector and after integrating out the
heavy right handed neutrinos we obtain the following neutrino mass matrix in the
low-energy effective theory:
mν =
λ6 λ3 λ3λ3 1 1
λ3 1 1
 v2u
M¯
(2.9)
where we have taken λ ∼ λ′. The O(1) elements in the 23 block are produced by
combining the large left handed mixing induced by the charged lepton sector and the
large left handed mixing in mD. A crucial property of mν is that, as a result of the
see-saw mechanism and of the specific U(1)F charge assignment, the determinant of
the 23 block is automatically of O(λ2).
It is easy to verify that the eigenvalues of mν satisfy the relations:
m1 : m2 : m3 = λ
4 : λ2 : 1 . (2.10)
The atmospheric neutrino oscillations require m23 ∼ 10−3 eV2. From eq. (2.9),
taking vu ∼ 250 GeV, the mass scale M¯ of the heavy Majorana neutrinos turns out
to be close to the unification scale, M¯ ∼ 1015 GeV. The squared mass difference
between the lightest states is of O(λ4) m23, appropriate to the MSW solution to
the solar neutrino problem. Finally, beyond the large mixing in the 23 sector, mν
provides a mixing angle s12 ∼ (λ/2) in the 12 sector, close to the range preferred by
the SMA-MSW solution. In general Ue3 is non-vanishing, of O(λ
3).
In general, the charge assignment under U(1)F allows for non-canonical kinetic
terms that represent an additional source of mixing. Such terms are allowed by
the underlying flavour symmetry and it would be unnatural to tune them to the
canonical form. The results quoted up to now remain unchanged after including
the effects related to the most general kinetic terms, via appropriate rotations and
rescaling in the flavour space (see also ref. [52]).
Only One Flavon Field
A general problem common to all models dealing with flavour is that of recovering
the correct vacuum structure by minimizing the effective potential of the theory.
It may be noticed that the presence of two multiplets X and X¯ with opposite F
charges could hardly be reconciled, without adding extra structure to the model,
with a large common vev for these fields, due to possible analytic terms of the kind
(XX¯)n in the superpotential [53]. It is then interesting to explore the consequences
of allowing only the negatively charged X field in the theory.
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It can be immediately recognized that, while the quark mass matrices of eq.
(2.3) are unchanged, in the neutrino sector the Dirac and Majorana matrices get
modified into:
mD =
λ4 λ2 λ3λ 0 1
λ 0 1
 vu , M =
λ2 1 λ1 0 0
λ 0 1
 M¯ . (2.11)
The zeros are due to the analytic property of the superpotential that makes impos-
sible to form the corresponding F invariant by using X alone. These zeros should
not be taken literally, as they will be eventually filled by small terms coming, for
instance, from the diagonalization of the charged lepton mass matrix and from the
transformation that put the kinetic terms into canonical form. It is however inter-
esting to work out, in first approximation, the case of exactly zero entries in mD
and M , when forbidden by F .
The neutrino mass matrix obtained via see-saw from mD and M has the same
pattern as the one displayed in eq. (2.9). A closer inspection reveals that the
determinant of the 23 block is identically zero, independently from λ. This leads to
the following pattern of masses:
m1 : m2 : m3 = λ
3 : λ3 : 1 , m21 −m22 = O(λ9) m23 . (2.12)
Moreover the mixing in the 12 sector is almost maximal:
s
c
=
π
4
+ O(λ3) . (2.13)
For λ ∼ 0.2, both the squared mass difference (m21 − m22)/m23 and sin2 2θsol are
remarkably close to the values required by the VO solution to the solar neutrino
problem. This property remains reasonably stable against the perturbations induced
by small terms (of order λ5) replacing the zeros, coming from the diagonalization of
the charged lepton sector and by the transformations that render the kinetic terms
canonical.
We find quite interesting that also the VO solution, requiring an intriguingly
small mass difference and a bimaximal mixing, can be reproduced, at least at the
level of order of magnitudes, in the context of a ”minimal” model of flavour compat-
ible with SUSY SU(5). In this case the role played by supersymmetry is essential, a
non-supersymmetric model with X alone not being distinguishable from the version
with both X¯ and X , as far as low-energy flavour properties are concerned.
In chapter 4 we will again exploit this mechanism based on the presence of only
one flavon X , but with slightly different charge assignments for the matter field Ψ5¯,
so that the LOW solution to the solar neutrino problem will naturally emerge.
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2.1.4 Outlook
We have constructed two examples which realize Case I of section 1.3.3. Obviously,
the order of magnitude description offered by this model is not intended to account
for all the details of fermion masses. Even neglecting the parameters associated
with the CP violating observables, some of the relevant observables are somewhat
marginally reproduced. For instance we obtain mu/mt ∼ λ6 which is perhaps too
large. However we find it remarkable that in such a simple scheme most of the 12
independent fermion masses and the 6 mixing angles turn out to have the correct
order of magnitude. Notice also that our model prefers large values of tan β ≡
vu/vd. This is a consequence of the equality F (Ψ
3
10) = F (Ψ
3
5¯). In this case the
Yukawa couplings of top and bottom quarks are expected to be of the same order
of magnitude, while the large mt/mb ratio is attributed to vu ≫ vd (there may
be factors O(1) modifying these considerations, of course). To keep tanβ small,
one could suppress mb/mt by adopting different F -charges for the Ψ
3
5¯ and Ψ
3
10.
Alternatively, as will be explicitly shown in chapter 4, one can assign F-charges also
to the Higgs pentaplets.
Additional contributions to flavour changing processes (both in the quark and
in the lepton [54] sectors) and to CP violating observables are generally expected
in a SUSY GUT. However, a reliable estimate of the corresponding effects would
require a much more detailed definition of the theory than attempted here. Crucial
ingredients such as the mechanism of supersymmetry breaking and its transmission
to the observable sector have been ignored. We are implicitly assuming that the
omission of this aspect of the flavour problem does not substantially alter our dis-
cussion. For instance, it has been pointed out [55] that in SU(5) ⊗ U(1)F based
models with large tanβ and radiatively induced flavour mixing, one generally ex-
pects the branching ratio of the flavour changing process µ→ eγ to be comparable
to the present experimental upper bound (the exact values depending on the partic-
ular model considered). On the other hand, for tan β = O(1), the branching ratio
turns out to be smaller by about four orders of magnitude.
A common problem of all SU(5) unified theories based on a minimal Higgs
structure is represented by the relation mlD = (m
d
D)
T that, while leading to the
successful mb = mτ boundary condition at the GUT scale, provides the wrong
prediction md/ms = me/mµ (which, however, is an acceptable order of magnitude
equality). In section 3.5, we will describe in some detail this problematic feature
of minimal GUT models and briefly review the proposed solutions. An interesting
possibility to overcome this problem and improve the picture of fermion masses will
be adopted in the model of chapter 4, where we will exploit the presence of an
additional supermultiplet transforming in the 75 representation of SU(5).
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2.2 A Model with Large Mixing from Nothing
Without loss of generality we can go to a basis where both the charged lepton Dirac
mass matrix mlD and the Majorana matrix M for the right handed neutrinos are
diagonal. In fact, after diagonalization of the charged lepton Dirac mass matrix,
we still have the freedom of a change of basis for the right handed neutrino fields,
in that the right handed charged lepton and neutrino fields, as opposed to left
handed fields, are uncorrelated by the SU(2) × U(1) gauge symmetry. We can
use this freedom to make the Majorana matrix diagonal: M−1 = V TdMV with
dM = Diag[1/M1, 1/M2, 1/M3].
In order to understand how to generalize to the 3 by 3 context the mechanism
already described in Case II of section 1.3.3 (see eq. (1.22)), it is useful to start by
considering symmetric matrices. These matrices are very interesting because, for
example, one could want to preserve left-right symmetry at the GUT scale. Then,
the observed smallness of left handed mixings for quarks would also demand small
right handed mixings.
One simple class of examples is the following one [48]. We start from
mD = v
 ǫ′′ ǫ′ y ǫ′ǫ′ ǫ x ǫ
y ǫ′ x ǫ 1
 , M−1 = 1
Λ
 r1 0 00 r2 0
0 0 r3
 , (2.14)
where, unless otherwise stated, x and y are O(1); ǫ, ǫ′ and ǫ′′ are independent small
numbers and ri ≡ M3/Mi. Note that the 23 blocks of these matrices closely match
eq. (1.22). We expect ǫ′′ ≪ ǫ′ ≪ ǫ ≪ 1 and, perhaps, also r1 ≫ r2 ≫ r3 = 1,
if the hierarchy for right handed neutrinos follows the same pattern as for known
fermions. Depending on the relative size of the ratios ri/rj, ǫ/ǫ
′ and ǫ′/ǫ′′, we can
have models with dominance of any of the r1,2.
For example, we set x = 1 (keeping y of O(1)) and assume r2ǫ
2 ≫ r1ǫ′2, r3,
together with r2ǫ
′2 ≫ r1ǫ′′2 and r2ǫ ≫ r1ǫ′′. In this limit, with good accuracy we
obtain:
mν =
v2
Λ
r2ǫ
2

ǫ′2
ǫ2
ǫ′
ǫ
ǫ′
ǫ
ǫ′
ǫ
1 +
r1ǫ
′2
r2ǫ2
1
ǫ′
ǫ
1 1 +
r3
r2ǫ2
 . (2.15)
Note that, for ǫǫ′′ ≤ ǫ′2:
Det[mν ] =
(
v2
Λ
)3
r1r2r3ǫ
′4 . (2.16)
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Approximate eigenvalues, in units of v2/Λ and with m3 > m2 > m1, are given by
m3 ∼ 2r2ǫ2, m2 ∼ 1
2
r1ǫ
′2, m1 ∼ r3ǫ
′2
ǫ2
(2.17)
for r1ǫ
′2 > r3 or, alternatively,
m3 ∼ 2r2ǫ2, m2 ∼ 1
2
r3, m1 ∼ r1ǫ
′4
ǫ2
(2.18)
for r1ǫ
′2 < r3. Having set x = 1 the atmospheric neutrino mixing is nearly maximal.
The solar neutrino mixing is instead generically small in these models, being pro-
portional to ǫ′/ǫ. Thus the SMA-MSW solution is obtained. It is easy to find set of
parameter values that lead to an acceptable phenomenology within these solutions.
As an illustrative example we take:
ǫ ∼ λ4 , ǫ′ ∼ λ6 , ǫ′′ ∼ λ12 , (2.19)
r1 ∼ λ−12 , r2 ∼ λ−9 , (2.20)
where λ ∼ sin θC , θC being the Cabibbo angle. The neutrino mass matrices become
mD = v
λ12 λ6 λ6λ6 λ4 λ4
λ6 λ4 1
 , M = Λ
λ12 0 00 λ9 0
0 0 1
 (2.21)
and, in units of v2/Λ, we obtain
m3 ∼ 1/λ , m2 ∼ 1 , m1 ∼ λ4 . (2.22)
The solar mixing angle θ12 is of order λ
2, suitable to the SMA-MSW solution. Also
θ13 ∼ λ2.
It is also possible to arrange the parameters in eq. (2.14) in such a way that
r1 is dominant. Phenomenologically viable models can also be constructed in this
case, always of the SMA-MSW type. For instance, we can take y = 1 (keeping x
of O(1)) in order to obtain a large atmospheric mixing angle, and further assume
the dominance of the r1 terms, namely: ǫ
′2r1 ≫ ǫ2r2, r3, with ǫ′′2r1 ≫ ǫ′2r2 and
ǫ′′r1 ≫ ǫr2, r3. In this case we can approximate the light neutrino mass matrix as
follows:
mν =
v2
Λ
r1ǫ
′2

ǫ′′2
ǫ′2
ǫ′′
ǫ′
ǫ′′
ǫ′
ǫ′′
ǫ′
1 +
r2ǫ
2
r1ǫ′2
1
ǫ′′
ǫ′
1 1 +
r3
r1ǫ′2
 . (2.23)
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As an example we consider the following choice of parameters:
ǫ ∼ λ4 , ǫ′ ∼ λ6 , ǫ′′ ∼ λ8 , (2.24)
r1 ∼ λ−14 , r2 ∼ λ−6 . (2.25)
In this case we have
mD = v
λ8 λ6 λ6λ6 λ4 λ4
λ6 λ4 1
 , M = Λ
λ14 0 00 λ6 0
0 0 1
 . (2.26)
In units of v2/Λ, we find
m3 ∼ 1/λ2 , m2 ∼ 1≫ m1 (2.27)
and θ12 ∼ λ2.
As anticipated in section 1.3.3, an interesting feature of these textures, in con-
nection with a possible realization within a GUT scheme, is that m3 is much larger
than v2/Λ by construction. This means that the lepton number breaking scale Λ
can be pushed up to the order of the GUT scale or even beyond. A large value of Λ,
Λ ≥ MGUT , is naturally expected in SU(5) if right handed neutrinos are present and
in SO(10) if the grand unified group is broken down to SU(5) close to or slightly
below the Planck mass. We recall that if m3 is approximately given by v
2/Λ and
v ∼ 250 GeV, then Λ ∼ 1015 GeV.
Models based on symmetric matrices are directly compatible with left-right sym-
metry and therefore are naturally linked with SO(10). This is to be confronted with
models - like those described in the previous section - that have large right handed
mixings for quarks, which, in SU(5), can be naturally translated into large left
handed mixings for leptons. In this connection it is interesting to observe that the
proposed textures for the neutrino Dirac matrix can also work for up and down
quarks. For example, the matrices
muD ∝
 0 λ6 λ6λ6 λ4 λ4
λ6 λ4 1
 , mdD ∝
 0 λ3 λ3λ3 λ2 λ2
λ3 λ2 1
 , (2.28)
where for each entry the order of magnitude is specified in terms of λ ∼ sin θC , lead
to acceptable mass matrices and mixings. In fact mu : mc : mt = λ
8 : λ4 : 1 and
md : ms : mb = λ
4 : λ2 : 1. The VCKM matrix receives a dominant contribution from
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the down sector in that the up sector angles are much smaller than the down sector
ones. The same kind of texture can also be adopted in the charged lepton sector 3.
It is simple to realize that models of this sort cannot be derived from a broken
U(1)F horizontal symmetry, with a single field that breaks spontaneously U(1)F . For
symmetric matrices, left and right U(1) charges must be equal: then, for example,
if m33 ∼ l2q3 ∼ 1 or q3 = 0, then m22 ∼ l2q2 is different from m23 ∼ lq2 etc.
However, the symmetry requirement is not really necessary to produce a large
atmospheric mixing angle from neutrino mass matrices characterized by small mix-
ings. Indeed, by considering for simplicity the 2 by 2 case, instead of eq. (1.22), we
could equally well have started from a Dirac mass matrix of the kind:
mD ∝
[
ǫ x′
xǫ 1
]
, M−1 ∝
[
r2 0
0 1
]
, (2.29)
with x′ any number smaller than or equal to one. Once the condition ǫ2r2 ≫ 1 is
satisfied, the neutrino mass matrix of eq. (1.23) is obtained again, independently
from x′. The generalization of this mechanism to the full 3 by 3 case is straight-
forward, and analogous to the one discussed above for symmetric matrices. This
leaves much more freedom for model building and does not necessarily bound the
realization of these schemes to left-right-symmetric scenarios.
The solar mixing angle is generically small in the class of models explicitly dis-
cussed above. However, small mixing angles in the Dirac and Majorana neutrino
mass matrices do not exclude a large solar mixing angle. For instance, this is gen-
erated from the asymmetric, but nearly diagonal mass matrices:
mD = v
λ6 0 0λ6 λ4 0
0 λ4 1
 , M = Λ
λ12 0 00 λ10 0
0 0 1
 . (2.30)
They give rise to a light neutrino mass matrix of the kind:
mν =
λ2 λ2 0λ2 1 1
0 1 1
 v2
λ2Λ
, (2.31)
which is diagonalized by large θ12 and θ23 and small θ13. The mass hierarchy is
suitable to the LMA-MSW solution.
3Notice that the possibility of treating on equal footing all fermion mass matrices is also present
in the framework of an extended flavour democracy. See for instance Ref. [56] and references
therein.
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2.2.1 Renormalization Effects
These results are stable under renormalization from the high-energy scale Λ where
the mass matrices are produced down to the electroweak scale. Indeed, suppose
that we start with a supersymmetric theory whose superpotential w at the scale
Λ ≥ MGUT is given by:
w = QyuU cHu +Qy
dDcHd + Ly
νN cHu + Ly
eEcHd +
1
2
N cMN c , (2.32)
where
ye(Λ) =
[
0 0
0 yτ
]
, yν(Λ) =
[
ǫ x ǫ
x ǫ 1
]
, M(Λ) =
[
M2 0
0 M3
]
. (2.33)
Here we focus on the two heaviest generations. The matrices yu,d,e,ν describe the
Yukawa couplings of the theory, related to the mass matrices through mu,ν = y
u,νvu
and md,e = y
d,evd, where vu,d are the vacuum expectation values of the neutral scalar
components in the superdoublets Hu,d. The mass scales are ordered according to
Λ ≥ M3 ≫ M2 ≫ MW , MW denoting the electroweak scale. At the scale M2, after
integrating out the superfields N c associated to the heavy right handed neutrinos,
the mass matrix for the light neutrinos, including the renormalization effects, is
given by:
mν(M2) =
v2u
M2
[
(yν22)
2 yν22 y
ν
32
yν22 y
ν
32 (y
ν
32)
2
]
+O(
1
M3
) . (2.34)
The couplings yν22 and y
ν
32 are evaluated at the scale M2. If the running of M is
computed by by taking ǫ = 0, then M2 stays approximately constant when going
from Λ down to M2. Notice that, if we neglect the terms of O(1/M3), the determi-
nant of mν(M2) vanishes, even including the renormalization effects. These effects
modify the mixing angle at the scale M2 and they depend on how the Yukawa cou-
pling yν22 and y
ν
32 change from Λ to M2. The running of the neutrino Yukawa
couplings is governed by the equation:
dyν
dt
=
1
16π2
[
tr(3yuyu† + yνyν†)− 4π(3α2 + 3
5
α1) + 3y
νyν† + yeye†
]
yν , (2.35)
from µ = Λ to µ = M3, with t = logµ. At M3, the superfield N
c
3 is integrated out.
This produces terms of order 1/M3, which are neglected in the present discussion.
From µ = M3 down to µ = M2 the running of y
ν
22 and y
ν
32 is described by an
equation formally identical to the previous one, with
yν ≡
[
yν22 y
ν
23
yν32 y
ν
33
]
→ yν ≡
[
yν22
yν32
]
. (2.36)
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To assess the size of the renormalization effects on yν22 and y
ν
32, we have integrated
numerically the above equations in the approximation of constant yu,e and α1,2. This
should provide a rough estimate of the effects. As an example we take Λ = 1018
GeV,M3 = 10
16 GeV andM2 = 10
8 GeV, α2 = (5/3)α1 = 1/24; we choose yτ = 0.6,
corresponding to the large tan β ≡ vu/vd regime, which enhances the renormalization
effects of yν. Assuming as initial conditions yν22(Λ) = y
ν
23(Λ) = y
ν
32(Λ) = 0.05
and yν33(Λ) = 1, we find that y
ν
22 and y
ν
32 are modified by about 10% at the scale
M2. The mixing angle, nearly maximal at the scale Λ, remains close to maximal:
sin2 2θ23 ∼ 0.98 in the example at hand.
The running from M2 down to the electroweak scale does not appreciably affect
neither the vanishing determinant condition, nor a nearly maximal neutrino mixing
angle. This can be seen by analyzing the renormalization group equation for mν ,
which, in the one-loop approximation, is given by:
dmν
dt
=
1
8π2
{[
tr(3yu†yu)− 4π(3α2 + 3
5
α1)
]
mν +
1
2
[
mνy
e†ye + (ye†ye)Tmν
]}
.
(2.37)
The solution is:
mν(MW ) = C
[
mν22(M2) mν32(M2) B
mν32(M2) B mν33(M2) B
2
]
, (2.38)
where
C = exp
[∫ t
t0
c(t′)dt′
]
, B = exp
[∫ t
t0
b(t′)dt′
]
, t0 = log(MW ) , t = log(M2)
(2.39)
and
c(t) =
1
8π2
[
tr(3yu†yu)− 4π(3α2 + 3
5
α1)
]
(t) , (2.40)
b(t) =
y2τ(t)
16π2
. (2.41)
We see from eq. (2.38) that if the determinant of mν vanishes at the scale M2, then
it vanishes also at the weak scale. The mixing angle at the weak scale is given by:
sin2(2θ)(MW ) =
4mν
2
32(M2)B
2
4mν
2
32(M2)B
2 + (mν33(M2)B2 −mν22(M2))2
. (2.42)
The condition of maximal mixing at the scale M2 is mν33(M2) = mν22(M2). It is
easy to see that, if this condition is met, then the first correction to sin2(2θ)(MW ) is
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of second order in the parameter (B − 1). Numerically, we find that sin2(2θ)(MW )
is reduced only by a of few percent.
Summarizing, the renormalization effects do not appreciably modify the results
obtained at the tree level for eigenvalues and mixing angle of the neutrino mass ma-
trix. They manifest themselves as O(1) coefficients that, for all practical purposes,
can be absorbed in the definition of the classical parameters. An analogous analysis
can be carried out in the 3 by 3 case, with similar results. This is in agreement
with the analysis of ref. [37], as far as the case of hierarchical neutrino masses is
concerned.
2.2.2 An Explicit GUT Example with Broken Flavour Sym-
metry
From our general discussion it is clear that some amount of correlation between the
Dirac and the Majorana sectors is required in order to reproduce, at the order-of-
magnitude level, the observed pattern of oscillations (assuming from now on the
SMA-MSW solution for solar neutrinos). In order to show that this correlation
could be induced by an underlying flavour symmetry and, at the same time, to
present an explicit grand unified example of the class of textures considered here,
we [48] sketch the features of an SU(5) model with a spontaneously broken flavour
symmetry based on the gauge group U(1)A × U(1)B.
The three generations are described by Ψ10
a and Ψ5¯
a, (a = 1, 2, 3) transforming
as 10 and 5¯ of SU(5), respectively. Three more SU(5) singlets Ψ1
a describe the
right handed neutrinos. Here we focus on the Yukawa coupling allowed by Higgs
multiplets ϕ5 and ϕ5¯ in the 5 and 5¯ SU(5) representations and by three flavons, ϕ
−
A,
ϕ−B and ϕ
+
B, taken, to begin with, as SU(5) singlets. The charge assignment of the
various fields is summarized in Table 2.2. We assume that the flavon fields develop
the following set of vevs:
〈ϕ−A〉 ∼ λ Λ , 〈ϕ−B〉 ∼ λ Λ , 〈ϕ+B〉 ∼ Λ , (2.43)
where Λ denotes the cutoff of the theory and provides the mass scale suppressing
the higher-dimensional operators invariant under the gauge and the flavour groups.
In the quark sector we obtain 4
muD = (m
u
D)
T =
λ8 λ6 λ4λ6 λ4 λ2
λ4 λ2 1
 vu , mdD =
 λ6 λ4 λ3λ5 λ3 λ2
λ3 λ 1
 vd , (2.44)
4In eq. (2.44) the entries denoted by 1 in muD and m
d
D are not necessarily equal. As usual, such
a notation allows for O(1) deviations.
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Ψ10 Ψ5¯ Ψ1 ϕ5 ϕ5¯ ϕ
−
A ϕ
−
B ϕ
+
B
SU(5) 10 5¯ 1 5 5¯ 1 1 1
U(1)A (3,2,0) (3,1,0) (6,3,0) 0 0 −1 0 0
U(1)B (1,0,0) (−2,−2,−1) (0,2,0) 0 0 0 −1 +1
Table 2.2: Quantum numbers of matter and flavon multiplets.
from which we get the order-of-magnitude relations:
mu : mc : mt = λ
8 : λ4 : 1
md : ms : mb = λ
6 : λ3 : 1 (2.45)
and
Vus ∼ λ , Vub ∼ λ3 , Vcb ∼ λ2 . (2.46)
Here vu ≡ 〈ϕ5〉, vd ≡ 〈ϕ5¯〉. Notice that Vub and Vus are dominated by the down-
quark contribution. The mass matrix for the charged leptons is the transpose of
mdD:
mlD = (m
d
D)
T (2.47)
and we find
me : mµ : mτ = λ
6 : λ3 : 1 . (2.48)
At this level we obtain the well-known prediction mb = mτ , together with the
unsatisfactory relation md/ms = me/mµ (which, however, is an acceptable order of
magnitude equality).
In the neutrino sector, the Dirac and Majorana mass matrices are given by:
mD =
λ9 λ6 λ3λ7 λ4 λ
λ6 λ4 1
 vu , M =
λ12 λ11 λ6λ11 λ10 λ5
λ6 λ5 1
Λ . (2.49)
Notice that while in the model under consideration mD is asymmetric, it is diagonal-
ized by small unitarity transformations, i.e. transformations that go to the identity
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in the limit of vanishing λ, in both the left and the right sectors. After diagonaliza-
tion of the charged-lepton sector and after integrating out the heavy right handed
neutrinos, we obtain the following neutrino mass matrix in the low-energy effective
theory:
mν =
λ4 λ2 λ2λ2 1 1
λ2 1 1
 v2u
λ2Λ
. (2.50)
The O(1) elements in the 23 block are produced only by the interplay of the left
handed mixing in mD and the hierarchy in the Majorana sector. The contribution
from the charged lepton sector is subleading. An important property of mν is that,
as a result of the see-saw mechanism and of the specific U(1)F charge assignment,
the determinant of the 23 block is of O(λ2) (in units of (v2u/λ
2Λ)2). This gives rise
to the desired hierarchy between atmospheric and solar frequencies. It is easy to
verify that the eigenvalues of mν satisfy the relations:
m1 : m2 : m3 = λ
8 : λ2 : 1 . (2.51)
The atmospheric neutrino oscillations require m23 ∼ 3.5×10−3 eV2. From eq. (2.50),
taking vu ∼ 250 GeV, the mass scale Λ of the heavy Majorana neutrinos turns out to
be close to 2 ·1016 GeV. The squared mass difference between the lightest states is of
O(λ4) m23, appropriate to the MSW solution of the solar neutrino problem. Finally,
beyond the large mixing in the 23 sector, mν provides a mixing angle θ12 ∼ λ2 in
the 12 sector, close to the range preferred by the SMA-MSW solution. In general
Ue3 is non-vanishing, of O(λ
2). We find it encouraging that the general pattern of
all that we know on fermion masses and mixings is correctly reproduced at the level
of orders of magnitude.
This model is to be taken merely as an illustration, among many other possi-
bilities, of the scenario outlined: small mixing angles for the fundamental fermions
giving rise to a large mixing angle for the light neutrinos. For this reason we do
not attempt to address some important problems, such as the cancellation of chiral
anomalies, which we implicitly postpone to an energy scale higher than the unifi-
cation scale. We have not dealt here with the problem of recovering the correct
vacuum structure by minimizing the effective potential of the theory. Also, the or-
der of magnitude description offered by this model is not intended to account for all
the details of fermion masses. Even neglecting the parameters associated with the
CP violating observables, some of the relevant observables are somewhat marginally
reproduced. For instance, as already emphasized, a common problem of all SU(5)
unified theories, based on a minimal Higgs structure, is represented by the relation
mlD = (m
d
D)
T , which, while leading to the successful mb = mτ boundary condi-
tion at the GUT scale, provides the wrong prediction md/ms = me/mµ. We might
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overcome this problem and improve the picture [57] by assuming that the flavon
fields ϕ−A, ϕ
±
B or a suitable subset of them transform in the adjoint representation
of SU(5). The product (24)q5¯ (where q is a positive integer) contains both the 5¯
and the 45 SU(5) representations and the couplings would allow for a differentiation
between the down quarks and the charged leptons. Again, since the purpose of the
present model was only illustrative, we do not insist here on recovering fully real-
istic mass matrices. Finally, additional contributions to flavour-changing processes
and to CP-violating observables are generally expected in a supersymmetric GUT.
However, a reliable estimate of the corresponding effects would require a much more
detailed definition of the theory than attempted here. Crucial ingredients such as
the mechanism of supersymmetry breaking and its transmission to the observable
sector have been ignored in the present note.
In this example we have given up a possible symmetric structure of the textures
in favour of a relatively simple and economic realization of the underlying flavour
symmetry. It is possible, within the SU(5) or SO(10) gauge theories, to provide
slightly more elaborate examples where this symmetric structure is manifest. Here
we have insisted on requiring both the Dirac matrices and the Majorana matrix
M to be quasi-diagonal (that is with all off-diagonal entries ij suppressed with
respect to the largest of the diagonal ii and jj ones). In some alternative models,
all Dirac matrices are indeed quasi-diagonal, but large mixings are present in the
Majorana matrixM . For instance, the idea of a large atmospheric mixing angle from
intrinsically small mixings in the Dirac mass matrices has recently been advocated
in the context of a U(2) flavour theory [58]. In this model the Dirac neutrino mass
matrix is the one displayed in eq. (2.14), with y of O(ǫ) (i.e. (mD)13 ≪ (mD)12) and
ǫ′′ ∼ ǫ′2. The U(2) symmetry favours an r1 dominance, by adequately suppressing
the M11 element. However, to have both νµ and ντ with approximately the same
coupling to the light Majorana mass eigenstate, this should possess a component of
order ǫ′ along the νc3 direction. In turn, this property is only exhibited if also the
M33 entry is sufficiently small
5. As a consequence, there are two heavy Majorana
states with similar masses and there is a large mixing in the 23 Majorana sector. In
this case, large mixings, which are absent from the Dirac mass matrices, arise from
the Majorana sector, a physically similar possibility but technically different from
that examined here.
5Technically, this suppression can be realized in the framework of an SO(10) gauge group, by
assuming that there are no flavour singlets that couple to νc
3
νc
3
.
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2.2.3 Outlook
Summarizing, in most models that describe neutrino oscillations with nearly max-
imal mixings, there appear large mixings in at least one of the matrices mD, m
l
D,
M (i.e. the neutrino and charged-lepton Dirac matrices and the right-handed Ma-
jorana matrix). Here we have discussed the peculiar possibility that large neutrino
mixing is only produced by the see-saw mechanism starting from all nearly diagonal
matrices. Although this possibility is certainly rather special, we have shown that
models of this sort can be constructed without an unrealistic amount of fine tuning
and are well compatible with grand unification ideas and the related phenomenology
for quark and lepton masses.
Chapter 3
Problems of SUSY GUTs
The idea that all particle interactions merge into a unified theory at very high
energies [59] is so attractive, for both aesthetical and phenomenological reasons,
that this concept has become widely accepted by now. Indeed, the quantitative
success of coupling unification in SUSY Grand Unified Theories (GUTs) [60] can be
hardly interpreted as just a coincidence. In addition, support has also come from the
developments on neutrino oscillations [1], which point to lepton number violation at
a scale close to the coupling unification one.
Despite the fact that they constitute promising ideas beyond the standard model,
SUSY GUTs are in a not so safe ground as at first sight could appear. This chapter
is devoted to a critical reanalysis of those problematic aspects found in constructing
realistic models.
Assuming gauge unification, minimal models of GUTs based on SU(5), SO(10),
... have been considered in detail. Also, many articles have addressed particular
aspects of GUTs models like proton decay, fermion masses and, recently, neutrino
masses and mixings. In the previous chapter, indeed, the attention has focused on
the phenomenology of neutrino masses and mixings. But on the one hand, minimal
models are not plausible as they need a large amount of fine tuning and are therefore
highly unnatural, for example with respect to the doublet-triplet splitting problem
or proton decay. On the other hand, analyses of particular aspects of GUTs often
leave aside the problem of embedding the sector under discussion into a consistent
whole.
So the problem arises of going beyond minimal toy models by formulating suffi-
ciently realistic, not unnecessarily complicated, relatively complete models that can
serve as benchmarks to be compared with experiment. More appropriately, instead
of ”realistic” one should say ”not grossly unrealistic” because it is clear that many
important details cannot be sufficiently controlled and assumptions must be made.
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Finally, the success or failure of such program can decide whether a stage of gauge
unification is a likely possibility or not.
In this chapter we will review SUSY GUT’s basic weak-points and analyze crit-
ically the current status of solutions. As will be seen, most of these solutions are
partial, have some problematic feature and are in general quite complicated. The
crucial problem is to find a consistent picture of the Higgs sector which leads to
light doublets but triplets heavy enough to escape current bounds on proton decay
[61]. In addition, the field content must not destroy coupling unification. During
this survey, we will devote special attention to those solutions that will adopted in
the following chapter, where an example of semi-realistic model will be proposed.
3.1 The Doublet-Triplet Splitting Problem
The phenomenological motivation for weak scale SUSY is the solution of the hier-
archy problem. While the mass of the Higgs doublet should be around 100 GeV,
both coupling unification and non observation of higgsino mediated proton decay
require the Higgs triplet mass to lie around 1016 GeV, the precise value depending
on the details of the model under discussion. Achieving this doublet-triplet splitting
[62] is the most compelling problem one has to face in GUTs, because it requires to
fine-tune a parameter at the level of 14 orders of magnitude. It is worth to remind
that, with respect to this problem, SUSY GUTs stay in a much better situation
than non SUSY GUTs. Thanks to non-renormalization theorems, in the former the
fine-tuning has to be done only once, that is at tree level, while in the latter it has
to be done at all orders of the perturbative expansion.
After a short presentation of the transparent way in which the doublet-triplet
splitting problem appears in the case of minimal SU(5), this section has the pur-
pose of summarizing the status of the most interesting mechanisms which avoids
this fine-tuning also insisting on their weak-points. In many models, in fact, even
if one succeeds in achieving the desired splitting at tree level, this could be upset
by a lifting of the doublet mass, due to either radiative corrections or non renor-
malizable operators. In addition, one has to be careful because some of the possible
mechanisms can destroy coupling unification.
3.1.1 The Doublet-Triplet Splitting Problem in Minimal SU(5)
In minimal SUSY SU(5) the Higgs sector consists of one chiral superfields in the
adjoint representation, Σ, and one pair of fundamental and antifundamental, H,H.
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The breaking of SU(5) is provided by the following superpotential terms:
wHiggs = M24 Σ
A
BΣ
B
A + λ Σ
A
BΣ
B
CΣ
C
A + c HAΣ
A
BH
B +M5 HAH
A , (3.1)
where A,B, ... = 1, ..., 5 and summation over repeated indices has to be understood.
In the limit of unbroken SUSY, minimization of this part of superpotential gives the
following SU(3)⊗ SU(2)⊗ U(1) symmetric vevs 1:
〈Σ〉 = 2
3
M24
λ
diag(2, 2, 2,−3,−3) , (3.2)
〈H〉 = 0 , (3.3)
〈H〉 = 0 .
This superpotential also ensure heavy masses to those Σ multiplets which are not
eaten by the Higgs mechanism (see Table 3.7). Due to the structure of the Σ vacuum,
doublets and triplets acquire different masses:
MD = M5 − 2c
λ
M24 , MT = M5 +
4c
3λ
M24 . (3.4)
To have light doublets one has to impose that the parameters M5 and M24, which
should assume values around 1016 GeV, satisfy
M5 ∼= 2c
λ
M24 (3.5)
with an accuracy of at least the 14th decimal, so that MD = O(100GeV). This
hierarchy problem is inherent to all GUTs. SUSY doesn’t explain the origin of the
two scales, but renders this constraint stable against radiative corrections, so that,
at least, the fine-tuning has to be done only once. Non SUSY GUTs, in contrast,
need the tuning to be repeated at all perturbative orders.
Similar considerations also apply to the case of minimal SO(10), where H,H lie
in the 10 representations of SO(10).
3.2 Solutions to the Doublet-Triplet Splitting Prob-
lem
The actual problem is to achieve the doublet-triplet splitting in a natural way,
without fine-tuning. Some solutions that overcome this problem have been proposed,
1Actually there are three supersymmetric degenerate minima: in one of them SU(5) is unbroken,
while in the other two it is broken respectively to SU(4) ⊗ U(1) and SU(3) ⊗ SU(2) ⊗ U(1).
The degeneracy could eventually be lifted and the MSSM vacuum chosen due to supergravity
corrections.
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based on the introduction of Higgs representations with useful group-theoretical
properties, which do the job of allowing a mass only for triplets but not for doublets.
Several attempts have been done and someone of the most important will be
summarized in the following. Despite the fact that basic ideas are indeed very ele-
gant, emphasis will be given to some problems which remain unsolved. In addition,
it turns out that embedding these solutions in a realistic and not too cumbersome
framework is not an easy task.
3.2.1 The Missing Doublet Mechanism
One of the most economical solution the doublet-triplet splitting problem is repre-
sented by the Missing Doublet Mechanism (MDM) [63]. It works in SU(5), which is
the lower rank group containing the standard model, and is realized just replacing
the 24 of Higgses by a 75, Y , and by further adding a pair of 50, 50 Higgses. Unfor-
tunately, this proposal suffers of some weakness which, however, can be overcome.
Description of the Mechanism
The part of the superpotential responsible for the breaking of SU(5) reads
wHiggs = c1 Y
AB
CD Y
CD
EF Y
EF
AB +MY Y
AB
CD Y
CD
AB , (3.6)
where, as usual, A,B, ... = 1, 2, ..., 5. These terms provide Y with a vev 〈Y 〉 ≡
MY /(2c1) ∼MGUT and give a mass to all physical components of Y , i.e. those that
are not absorbed by the Higgs mechanism (see Table 4.2). The SUSY vacuum of
the 75 breaks SU(5) uniquely to SU(3)⊗ SU(2)⊗ U(1):
〈Y ABCD 〉 = −〈Y 〉
[(
δαγ δ
β
δ + 2δ
a
c δ
b
d −
1
2
δACδ
B
D
)
− (A↔ B)
]
, (3.7)
where Greek indices assume values from 1 to 3 and Latin indices from 4 to 5.
The doublet-triplet splitting is realized by the following superpotential terms,
wMDM = c2 H
AY DEBC H50
BCFGǫADEFG + c3HAY
BC
DE H50BCFGǫ
ADEFG
+ M50 H50
ABCDH50ABCD . (3.8)
Note that the direct term M5HAH
A must not to appear. The splitting occurs be-
cause the 50 of chiral superfields contains a (3¯, 1, 1/3), i.e. a coloured antitriplet,
SU(2) singlet (of electric charge 1/3) but no colourless doublet (1,2,-1/2). Denot-
ing the colour triplets contained in H , H , H50, H50 by H3u, H3d, H
′
3d and H
′
3u
respectively, after SU(5) breaking:
wMDM ∋ −4
√
3c2〈Y 〉 H ′3dH3u − 4
√
3c3〈Y 〉 H3dH ′3u +M50 H ′3dH ′3u + ... (3.9)
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where dots stand for mass terms for the other multiplets contained in 50, 50. Thus,
wMDM doesn’t produce any mass term for the doublets but, on the other hand, the
Higgs colour triplets mix with the analogous states in the 50. The resulting triplet
mass matrix is of the see-saw form:
mˆT =
[
0 −4√3c2〈Y 〉
−4√3c3〈Y 〉 M50
]
. (3.10)
The eigenvalues of the matrix mˆT mˆ
†
T are the squares of:
mT1,2 =
1
2
[√
M250 + 48 (c2 + c3)
2〈Y 〉2 ±
√
M250 + 48 (c2 − c3)2〈Y 〉2
]
. (3.11)
Note that mT1mT2 = 48 c2 c3 〈Y 〉2, so that triplets are naturally heavy. The
effective mass that enters in the dimension 5 operators with |∆B = 1| is the following
combination of physical masses:
mT =
mT 1mT 2
M50
=
48 c2 c3 〈Y 〉2
M50
. (3.12)
In the literature there is confusion [64, 65, 66, 67] on the numerical coefficients
of the previous relations and also on the values for the heavy masses of the 75. In
particular, many authors seem to forget the coefficient 4
√
3 in eqs. (3.9), (3.10)
and following. But this factor is important, because it gives in eq. (3.12) the large
coefficient 48 that cannot be neglected when evaluating the effective triplet mass
which suppress proton decay amplitudes. The formulae above have been rederived,
by carefully paying attention to the group-theoretical factors. Appendix C contains
a brief summary of this procedure.
Possible Criticisms
Criticism against the MDM is often moved by the common fear that its large rank
representations are dangerous, mainly for two arguments. The first one is that, from
the point of view of string theory, it is really hard to find examples containing such
huge representations. From a more conservative point of view, however, embedding
GUTs into a string theory is for sure interesting but not at all compelling. The sec-
ond argument is that the large content of matter fields in the MDM causes the gauge
coupling to blow up before MP l. In principle, a theory which is non perturbative
before MP l is acceptable.
Apart from the two previous considerations, the MDM in its simplest version
has mainly a weak point. No matter what symmetry is used to forbid the direct
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mass term for HH in the superpotential, the doublet Higgs could take mass from
non renormalizable operators of the form [68]:
HHY Y
MP l
. (3.13)
If one believes Planck suppressed operators consistent with the theory are present,
the doublet has a too big mass. The problem is exacerbated in MDM because the
coupling blows up at a low scale and it is probably the associated strong scale which
would suppress such operators. A promising way to overcome this obstacle was
introduced in ref. [67] and is based on the introduction of an additional anomalous
U(1) flavour symmetry.
As will be clarified, the solution of the doublet-triplet splitting problem in terms
of the 50, 50 and 75 representations is very suggestive because it automatically leads
to improve the prediction of α3(mZ) and at the same time relaxes the constraints
from proton decay.
3.2.2 The Sliding Singlet Mechanism
New possibilities emerge when introducing an additional singlet field S. The simpler
one [69] is the Sliding Singlet Mechanism. It is realized by just adding to eq. (3.1)
the term
fSHAH
A . (3.14)
where f is an adimensional coefficient. At tree level and considering also soft SUSY
breaking terms, the vev of S can be arranged to cancel the large contributions to
the doublet mass coming from the other terms. However, it is well known that this
mechanism is unstable against radiative corrections [70], because tadpole diagrams
induce the doublet to take a too big mass ∼√m3/2MGUT .
3.2.3 The Missing VEV Mechanism
The Missing VEV Mechanism [71] (MVM), which apply to the case of SO(10),
is based on the presence of a 45 Higgs representation. With respect to SU(5),
45 = 1 + 24 + 10 + 10, so that, in practice, having a singlet and a 24, it is based on
the same idea of the Sliding Singlet. This can occur because the 45 representation
is not constrained to be traceless. In fact, the 45 can have a vev of the form
〈45〉 ∼ diag(1, 1, 1, 0, 0)⊗ iσ. The term 101 45 102, gives mass to triplets but not
to doublets. Note that two 10 are required due to the antisymmetry of 45, so that
there are four doublets and four triplets.
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This mechanism seems very nice at first glance, but worrisome at second. In fact
the problem arises of giving mass to just two doublets (or two linear combinations
of them). This could be done, for instance, by introducing a term M2102102 and
forbidding any direct coupling with 101101. Heavy doublets have then a mass ∼ M2
and are in no way connected with the light ones. But there is also the need for
triplets heavy enough to agree with experimental bounds on proton decay, and this
is not very easy. For instance, by adding M2102102, the triplets mass matrix mˆT
turns out to be of a see-saw form (exactly as in the case of the MDM but with the 45
instead of the 75 of SU(5), see eq. (3.12)). The effective mass entering proton decay
amplitudes is then proportional to 〈45〉2/M2. But in order to achieve the needed
suppression of proton decay amplitudes, we needM2 ≤ 10−(2÷3)〈45〉 ∼MGUT . Apart
from the fact that the not-so-heavy doublets would give dangerously large threshold
corrections, this requirement is clearly a fine-tuning.
The simplest versions of the MVM are then not realistic, but at the price of
introducing a good deal of new fields, various models have been realized in the past
in which the parameter playing the role of M2 is suppressed because of symmetry
reasons. Also the new fields produce large threshold corrections, so that one cannot
exclude the accidental possibility of a general compensation of all their contributions.
However, dealing with a large number of GUT fields is not very attractive, be-
cause the predictivity of the model is highly reduced and, most importantly, the
success of coupling unification within the MSSM would be merely a lucky coin-
cidence. In addition, due to the increased number of Higgs representations that
generally appears in many models, there is the problem of actually implementing
a potential to get the desired minimum, paying attention to possible flat directions
and without destabilizing the minimum with higher order terms. In fact, in order
to lower the rank of SO(10), one needs also one (or more) 16. But the couplings
between 16 and 45 can destabilize the the desired vev of the 45. The literature is
rich of interesting models [72, 73, 74] where this sort of compromise between the
internal elegance and the necessity of agreeing with phenomenology appears clearly.
3.2.4 Higgses as pseudo-Goldstone Bosons
An interesting approach to the doublet-triplet splitting problem is obtained if one
consider the Higgs doublets to be pseudo-Goldstone bosons related to a sponta-
neously broken accidental global symmetry of the Higgs sector. This distinguishes
the doublets from the triplets in a very non trivial way. In this scenario the Higgs
sector of theory does possess a spontaneously broken accidental global symmetry
and the Higgs doublets are the associated Goldstone bosons. The accidental global
symmetry is explicitly broken in the Yukawa sector. The Higgs doublets become
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pseudo-Goldstone bosons with a mass determined by the scale of soft SUSY break-
ing terms. Because of non-renormalization theorems, this mass is protected against
radiative corrections.
Despite that the idea is very elegant, the difficulty one finds in its actual realiza-
tion is to motivate the accidental symmetry in a natural way. For instance, models
involving a gauged SU(5) symmetry and a global SU(6) [75] unfortunately require
an unpleasant fine-tuning of some parameters of the superpotential. In order to
justify the accidental symmetry, an alternative possibility [76] is to assume that it
arises because two sectors of the chiral superfields responsible for gauge symmetry
breaking do not mix. But such a separation has to be imposed ad hoc.
3.3 Proton Decay
Proton decay is maybe the most interesting consequence of GUTs. Since a long
time it has been representing a very hard challenge from the experimental point of
view. The Kamiokande detector was construct for this purpose and, after Super-
Kamiokande, maybe a third-generation detector will be constructed. From the the-
oretical perspective this subject is not less engaging: the actual value of proton
lifetime (if any) is determined by such an enormous amount of physics, from the
GUT scale down to 1 GeV, that it offers the possibility of exploring various aspects
of particle physics at the same time. The theoretical prediction is thus not at all
accurate and strongly model dependent, but the common opinion is that it should
lies just in the range already at hand of experimental searches or not very far.
A lot of weighty informations have already come from these studies:
• non SUSY SU(5) is excluded because, due to the lightness of heavy gauge
bosons, it predicts a lifetime induced by dimension 6 operators which is much
lower than present bounds. Same conclusions hold for greater groups which
break in one step to SU(5), like SO(10).
• minimal SUSY SU(5) is in very serious troubles: with SUSY particles lighter
than 1 TeV, dimension 5 operators would induce proton to decay mainly into
K+ν¯ at an exceedingly fast rate, in conflict with experiment. The case of
SO(10) is less definite, because the prediction of proton lifetime is linked to
the particular Higgs content chosen to realize the breaking of SO(10). How-
ever, it turns out that also in those models where as few as possible Higgs
representations are introduced [42], the prediction of proton lifetime should
not be far from the range explored by present searches.
3.3. PROTON DECAY 51
Channel Lower Limits (90 % CL)
τ/B(1033yr)
K+ν¯ 1.9
π+ν¯ 0.025
e+π0 4.4
µ+π0 3.3
Table 3.1: Lower Limits on Proton Decay Channels [77].
Prompted by the recent Super-Kamiokande improvements on proton partial life-
times bounds [77], a renewed interest on this subject has arisen. Since GUTs without
SUSY turned out to be disappealing, the attention has focused mainly on the ques-
tion whether it is possible to construct examples of realistic SUSY GUT models.
In such models, achieving a sufficient suppression of proton decay amplitudes from
dimension 5 operators is of crucial importance. In fact, since the actual prediction
of proton lifetime depends significantly of the details of the model, one is interested
in arranging things in such a way to escape conflict with bounds.
To understand how this can be done reasonably, that is without introducing fine-
tuning, it is useful to have a close look at the calculation of proton decay lifetime
in the simplest possible case, namely minimal SUSY SU(5). In this framework
we will summarize the principal steps of the calculation of proton lifetime induced
by dimension 5 operators [79]. We will treat independently Yukawa couplings of
doublets and triplets. Also down quarks and charged leptons mass matrices will
not be correlated, so that the calculation can be easily adapted also to non minimal
models. We will show in some detail that, generically, the amplitude is dominated
by only two terms of the Lagrangian and we will discuss, also quantitatively, how
large can be the effect of the two CP violating phases (in addition to the CKM
one) which enter this amplitude. We will comment on the source of the various
uncertainties and give numerical examples. These have to be compared with the
bounds collected in Table 3.1 from ref. [77] .
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3.3.1 Dimension Five Operators
The starting point is the most general renormalizable superpotential which could
come from SU(5). Yukawa couplings of doublets and triplets will be considered un-
correlated as well as down quarks and charged lepton mass matrices. The discussion
can thus be adapted for any SU(5) based model. The possible presence of any GUT
superfield with vanishing vev will not alter the following discussion.
It is useful to write down the superpotential in terms of the MSSM fields. The
triplets H3u ∼ (3, 1,−1/3), H3d ∼ (3¯, 1, 1/3), together with the two light Higgs
doublets H2u, H2d stay in a pair of SU(5) pentaplets H,H. Omitting colour and
weak isospin indices, in the interaction basis the terms of the superpotential which
are relevant to proton decay read:
w ∋ QT yuU cH2u +QTydDcH2d + LT yeEcH2d
+ QT AˆQH3u + U
cT BˆEcH3u +Q
T CˆLH3d + U
cT DˆDcH3d (3.15)
+ mTH3uH3d ,
where Q, L, U c, Dc and Ec denote as usual the chiral multiplets associated to
the three fermion generations, yu,d,e, Aˆ, Bˆ, ... are the GUT scale Yukawa matrices of
doublets and triplets and mT is the triplets mass.
By integrating out the colour triplets [78, 80, 81] one obtains the following effec-
tive superpotential
weff =
1
mT
[
QAˆQ QCˆL+ U cBˆEc U cDˆDc
]
+ ... , (3.16)
dots standing for terms that do not violate baryon or lepton number. The former
(latter) term, which involves four fields with only left (right) chirality, is referred to
as LLLL (RRRR) operator. weff generates dimension 5 operators with two fermions
and two sfermions in the Lagrangian.
At lower scales these dimension five operators give rise to the four-fermion op-
erators relevant to proton decay, via a ”dressing” process, that is through 1-loop
diagrams with exchange of charginos and neutralinos. It turns out that the relevant
contributions arise from chargino exchange [78, 79, 82]. When considering the op-
erator QQQL, the most important dressing comes from wino exchange. There are
four different terms in the Lagrangian, here called OLi , (i = 1, ..., 4), coming from
the exchange of a wino 2. Charged higgsino exchange provides instead the most
important dressing of U cEcU cDc [85]. Also in this case four Lagrangian terms arise,
2Gluino dressing contributions cancel among each other in case of degeneracy between first two
generations of squarks [83, 84].
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here called ORi , (i = 1, ..., 4). The conventions adopted, the definition of the loop
function f and all these operators are explicitly given in appendix A and in Table
A.1.
3.3.2 Hunting Dominant Operators
The situation would then appear quite complicated. However, in the case of minimal
SU(5), where
− 2Aˆ = Bˆ = yu = yTu , −Cˆ = Dˆ = yd = yTe , (3.17)
it turns out that, in each category, only one term gives the relevant contribution to
proton decay amplitudes and that the contributions from the other three terms are
suppressed by at least two powers of the Cabibbo angle, λ2. This is expected to be
approximately true also in those models where the matrices Aˆ, Bˆ, ... do not differ
significantly from those of the minimal case.
From eqs. (3.17), also the following relations follow
R†u = LuK ,Le = R
†
d , Re = L
†
d , (3.18)
where Ru,d,e, Lu,d,e are defined in Appendix A and K is a diagonal matrix of phases
[86, 81] with determinant one. The two degree of freedom it contains are CP violating
phases, in addition to the CKM one. Since proton decay amplitudes are insensitive
to the overall phase, it is not restrictive to choose K to be of the following form
K = diag(eiφ1 , eiφ2, 1) . (3.19)
In the mass eigenstates basis and making use of the previous definitions, the
four-fermion operators of Table A.1 get greatly simplified. In fact, it turns out that
the combinations in square brackets can be expressed just in terms of the diagonal
Yukawa couplings of doublets and in terms of the CKM matrix, as shown in Table
3.2. This means that no trace is left of right handed mixings of fermions.
The relative importance of the various operators can be approximately under-
stood expressing them in terms of powers of the Cabibbo angle θC = λ. If the masses
of the sparticles in the loop are such that they allow f (defined in appendix A) to
vary in a small range, so that it can be quite safely factored out, and remembering
the approximate GUT scale relations
mu : mc : mt = λ
8 : λ4 : 1
md : ms : mb = λ
4 : λ2 : 1 (3.20)
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OL1 [L
T
d (Aˆ + Aˆ
T )Ld]ij[L
T
u CˆLe]kl → [V Ty(d)u K+V ]ij[V ∗y(d)d ]kl ≡ cL1 ijkl
OL2 [L
T
u (Aˆ + Aˆ
T )Ld]ij[L
T
d CˆLe]kl → [y(d)u K+V ]ij[y(d)d ]kl ≡ cL2 ijkl
OL3 [L
T
u (Aˆ + Aˆ
T )Ld]ij[L
T
u CˆLe]kl → [y(d)u K+V ]ij[V ∗y(d)d ]kl ≡ cL3 ijkl
OL4 [L
T
u (Aˆ+ Aˆ
T )Lu]ij[L
T
d CˆLe]kl → [y(d)u K+]ij[y(d)d ]kl ≡ cL4 ijkl
OR1 [L
+
d y
∗
uBˆy
+
e L
∗
e]kl[R
∗
uDˆR
+
d ]ij → [V +(y(d)u )2V y(d)d ]kl[KV ∗y(d)d ]ij ≡ cR1 klij
OR2 [R
∗
uBˆy
+
e L
∗
e]kl[L
+
d y
∗
uDˆR
+
d ]ij → [y(d)u V y(d)d ]kl[V +y(d)u KV ∗y(d)d ]ij ≡ cR2 klij
OR3 [R
∗
uBˆR
+
e ]kl[L
+
d y
∗
uDˆy
+
d L
∗
u]ij → [y(d)u V ]kl[V +y(d)u KV ∗(y(d)d )2V T ]ij ≡ cR3 klij
OR4 [L
+
d y
∗
uBˆR
+
e ]kl[R
∗
uDˆy
+
d L
∗
u]ij → [V +(y(d)u )2V ]kl[KV ∗(y(d)d )2V T ]ij ≡ cR4 klij
Table 3.2: In the case of minimal SU(5), the combinations in square brackets of
Table A.1 can be expressed in terms of the diagonal Yukawa couplings of doublets
and in terms of the CKM matrix V ≡ VCKM . See appendix A for the conventions
adopted here.
VCKM ∼
 1 λ λ3λ 1 λ2
λ3 λ2 1
 (3.21)
one immediately obtains Table 3.3.
One can see at glance that OL1 , O
R
1 are, within their groups, the dominant op-
erators. The contributions to proton decay amplitudes from other operators are
suppressed by at least λ2 with respect to them, and can be safely neglected in the
present estimate. The calculation then proceeds as summarized in Appendix A.
Generally, the dominant channel is p → K+ν¯. However, also p → π+ν¯ is im-
portant. In fact, the difference of a factor λ ∼ 0.25 doesn’t produce a factor 1/16
in rates. The π+ channel is favoured by phase space for a factor of 2, as appears
from Table A.2. Another factor 4 comes from Wick theorem. It results that π+ is
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cL1 c
L
2 c
R
1 c
R
2
p→ K+ν¯ λ10 tan β λ12 tan β λ10 tan2 β λ22 tan2 β
(ν¯µ,τ ) (ν¯µ) (ν¯τ ) (ν¯µ,τ )
p→ π+ν¯ λ11 tan β λ14 tan β λ11 tan2 β λ25 tan2 β
(ν¯µ,τ ) (ν¯µ) (ν¯τ ) (ν¯µ,τ )
cL3 c
L
4 c
R
3 c
R
4
p→ K0l+ λ14 tan β λ12 tan β λ17 tan2 β λ14 tan2 β
(µ+) (µ+) (e+) (µ+)
p→ π0l+ λ13 tan β λ14 tan β λ18 tan2 β λ15 tan2 β
(µ+) (e+) (e+) (e+)
Table 3.3: Relative importance of the combinations in square brackets appearing in
Table 3.2, expressed in terms of powers of the Cabibbo angle θC = λ. Note that we
summed over neutrino flavours, which are experimentally indistinguishable.
suppressed by only a factor of 1/2 in rate, with respect to K+. As will be explained
later, under certain circumstances linked to the two CP violating phases, the channel
with π+ could even be the dominant one.
As pointed out in [85], OL1 , O
R
1 can be comparable. For large tan β and/or mh˜ ≫
mw˜, O
R
1 dominates. But large values of tan β are discouraging because they lead
to faster proton decay, exacerbating a possible contrast with experiment. For small
tan β and mh˜ ≤ mw˜, OL1 gives the dominant contribution.
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3.3.3 Proton Decay from Non-Renormalizable Operators
It has been pointed out [87] that also non-renormalizable operators can lead to
proton decay. If one views GUTs as effective rather than fundamental theories,
then one has to consider also the role of non-renormalizable operators. The following
operators, where it is understood that we are taking light generations, are completely
allowed by gauge symmetry,
weff ∋ cLQQQL
Λ
+ cR
U cEcU cDc
Λ
(3.22)
and lead, after the dressing process already described, to proton decay. Consider
for instance the first term. It will be dressed as the LLLL operator arising from
triplet exchange, so that, evaluating the ratio between its proton decay amplitude
Anr and the amplitude from heavy triplet exchange A3, loop functions cancel each
other. The difference between the first terms of (3.16) and (3.22) resides only in
their multiplicative coefficients and in the mass at denominator. Approximately, for
the dominant channel p→ K+ν¯, with Λ ∼MP l, one finds
Anr
A3 ∼
cL
MP l
mT
λ10 tanβ
(3.23)
For small tan β and mT ∼ 2 · 1016 GeV we have something like Anr/A3 ∼ cLλ−7,
which means a reduction of a factor 108÷9 in lifetime for cL = O(1). With the former
values of tanβ and mT , as we will see, the expectation for proton lifetime is roughly
1031 yr, which is lower then actual bounds. For non renormalizable operators one
should then expect a lifetime of around 1022 yr. To restore agreement with the
bounds, one has to impose cL to be at least smaller than λ
8 ∼ 10−(5÷6). This is
indeed a very large fine-tuning. The most natural solution is to impose flavour
symmetries, which could give a valid reason to justify the required smallness of cL
thus adequately suppressing these disturbing non renormalizable operators. Flavour
symmetries are usually largely employed in model building, because they provide a
clue to understand the observed picture of fermion masses and mixings. So, it would
be interesting to study if, with the tool represented by flavour symmetries, one can
solve both problems.
3.4 How to Prolong Proton Lifetime
There are several parameters entering the formula for proton lifetime in minimal
SU(5), so that one can should be careful not to underestimate theoretical errors.
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For instance, by applying the chiral Lagrangian technique, one obtains the for-
mulas for the calculation of proton decay rates which are given in Table A.2. One
can see that the hadronic matrix elements α = −β are very important ingredients,
because proton rate scale as their second power. Unfortunately, these quantities are
not very well known. Commonly, their quoted range [88] is 0.03÷ 0.003 GeV3 and
the smallest value used in the calculations. However, it is worth to stress that with
the largest value, the rate would be increased by roughly two orders of magnitude.
However, one could also construct elaborated models where one or more of the
important parameters change with respect to the minimal model. So, it is of crucial
importance to analyze how much the prediction for proton lifetime is affected if one
moves a certain parameter in its possible range. In what follows we will briefly give a
survey of the most interesting circumstances in which proton lifetime can be raised.
Finally some numerical example will be provided. These are to be compared with
those given in the next chapter, where a concrete model will be examined.
3.4.1 Altering Triplets Yukawa Couplings
Clearly, the previous discussion about dominant operators, apply only to those mod-
els where the matrices Aˆ, Bˆ, ... don’t differ significantly from those of the minimal
case. If, for some reason, such matrices are much more suppressed than in the
minimal case, then proton decay rates would be reduced. This possibility has been
explored [89] in the literature and, in general, the suppression of certain matrix
elements follows from the group-theoretical construction of the model. One can
also investigate if the same strategy employed to suppress the Yukawa couplings of
triplets could also be effective in differentiating charged leptons and squarks spec-
tra. Even if this is certainly an attractive possibility, it seems not very effective in
increasing proton lifetime. Indeed, when implemented in a realistic framework, it is
difficult, by only this mean, to adequately suppress all channels at the same time.
3.4.2 Raising the Triplet Mass
A really crucial parameter is the mass mT . The dependence is strong, τp ∼ m−4T , so
that a large value of mT would drastically decrease the rates for all channels. As will
be shown in the following, when considering the effect of heavy thresholds on the
running of the gauge couplings, it follows that in minimal SU(5) and with SUSY
particles lighter then 1 TeV, mT should not exceed 10
16 GeV. This value causes
proton decaying at a too fast rate, in conflict with experiment. Minimal SUSY
SU(5) is then in serious troubles. Interestingly, a large value for mT is instead
preferred in the MDM. Notice that in this case mT is not a physical quantity but
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an effective one, given by eq. (3.12), and could in principle even exceed MP l. In the
next chapter we will discuss a realistic version of the MDM which maintains this
attractive feature. On the contrary, in those realizations of the MDM and MVM
where a large number of heavy representations lead to huge threshold corrections
(often of both signs), the correlation between the value of mT and the prediction for
α3(mZ) is lost.
3.4.3 Moving the Two CP Violating Phases
There are phases entering the proton decay amplitudes [86] which don’t affect any
of the low energy observables, like for instance fermion masses and mixings 3, but
which play a really interesting role, because they can produce sizeable effects on
proton rates. In fact, proton lifetime can easily span over one order of magnitude,
just allowing the phases to vary in their range.
As usual, it is instructive to see this firstly in minimal SU(5), and then comment
on its extensions.
The phases of minimal SU(5)
In minimal SU(5) the two phases can be clearly identified. Following the definition
of eqs. (3.18) and (3.19), after a bit of work, one can see how they enter in the decay
amplitude. In particular, considering the dominant operators OL1 , O
R
1 , one realizes
that the dominant amplitudes are proportional to the following quantities
A(K+ν¯µ) ∝ (eiφ2aLc˜ + aLt˜ )
A(K+ν¯τ ) ∝ (eiφ2aLc˜ + aLt˜ + eiφ1aRt˜c) , (3.24)
where aLc˜ , a
L
t˜
and aR
t˜c
are complex numbers which contain the piece of amplitude
coming respectively from c˜ and t˜ for wino dressing and from t˜c for higgsino dress-
ing. aLc˜ , a
L
t˜
are comparable, so that, depending on φ2, they can interfere construc-
tively or destructively in the amplitude. One can have three possibilities. Firstly, if
the contribution from higgsino exchange which enters in A(K+ν¯τ ) is smaller than
the contribution from wino, a global suppression of the channel p → K+ν¯ can be
achieved [82] for certain values of φ2. Note that, in this situation, the role of φ1
is irrelevant. Secondly, if also aR
t˜c
is of the same order of aLc˜ , a
L
t˜
, also φ1, one can
never achieve at the same time a suppression of both A(K+ν¯µ) and A(K+ν¯τ ). Sum-
ming their corresponding rates, there isn’t a sizeable variation of the total rate for
3In the diagonalization of the mass matrices, these phases can always be absorbed through
suitable fields redefinitions, so that only one phase is left, the VCKM one.
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p → K+ν¯ over the whole region of the space spanned by (φ1, φ2). The third and
last possibility is that aR
t˜c
dominates over the other contributions, in which case any
effect of interference is totally lost. However this situation would require very large
values of tanβ, leading to unacceptably fast proton decay.
In the first case we obtained a suppression of the main decay channel p→ K+ν¯.
What about the channel p → π+ν¯, for which the rate is in general expected to
be just a factor of 2 smaller? In the first case, for those φ2 values which produce
destructive interference in the K+ν¯ rate, it becomes the dominant channel. In the
second case, instead, it is always subdominant [85].
The phases in generic models
When constructing realistic SU(5) models which break the relation yd = y
T
e , then,
in general, Aˆ, Bˆ, ... are no more linked to fermion masses. However, it is reasonable
to expect their entries to be of the same order of magnitude, that is:
− 2Aˆ ∼ Bˆ ∼ yu , −Cˆ ∼ Dˆ ∼ yd ∼ yTe . (3.25)
In this situation one again finds the same results of the minimal case. In fact, the
dominant amplitudes can be still written as
A(K+ν¯µ) ∝ (bLc˜ + bLt˜ )
A(K+ν¯τ ) ∝ (bLc˜ + bLt˜ + bRt˜c) , (3.26)
where bLc˜ , b
L
t˜
and bR
t˜c
are complex numbers which contain the piece of the ampli-
tude coming respectively from c˜ and t˜ for wino dressing and from t˜c for higgsino
dressing. Thus, all the comments made when discussing eq. (3.24) still apply. For
instance, when bR
t˜c
is not important, interference occurs depending on the relative
phase between bLc˜ , b
L
t˜
.
3.4.4 Playing with SUSY Particles
In the proton decay amplitude the loop function f , defined in eq. (A.3), plays an
important role. It is obtained by dressing the dimension 5 operators in order to
convert them into four-fermions operators. This function depends on the masses of
SUSY particles which run in the loop. To have an idea of the range of values in
which f can lie, it is not a too bad approximation to assume that all squarks and
sleptons are degenerate, with common mass m. In this case, the loop function for
the exchange of the chargino c˜ of mass mc˜ greatly simplifies
fc˜ =
1
16π2
mc˜
(m2 −m2c˜)
[
m2 −m2c˜ −m2c˜ log
m2
m2c˜
]
. (3.27)
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The behaviour of f is the following: by fixing m, it grows until 2mc˜ and then
decreases; by fixing mc˜, it grows when m decreases. In the limit mc˜ ≪ m, then
fc˜ ∝ mc˜
m2
. (3.28)
This means that if sfermions are much more heavy than charginos, proton decay
rates get greatly suppressed. However, it is not possible to push m towards values
greater then 1 TeV, if one wants SUSY to be the solution of the hierarchy problem.
The hypothesis of degeneracy (or nearly degeneracy) of sfermions is useful be-
cause the various f can be factorized, that is, summing over ν¯ flavours, one can
symbolically write:
Γ(p→ K+ν¯) ∝ |fw˜ aL + fh˜ aR|2 (3.29)
where aL,R represent the contribution to amplitude coming respectively from wino
and higgsino dressing. If mw˜ = mh˜ the aL contribution is the dominant one. Dom-
inance of aR occurs only if mw˜ ≪ mh˜ and/or tan β is large. To quantify the un-
certainty on τp induced by the SUSY spectrum, one has to study the behaviour of
f for reasonable values of mw˜,h˜ and sfermion masses. Considering typical SUGRA
derived spectra with values of the soft breaking parameters in the range from 100
GeV to 1 TeV, one finds a variation of about one order of magnitude in rates.
3.4.5 Numerical Examples
The previous observations are clarified by the following example, where we com-
pare two different set of textures for fermion masses which lead to exactly equal
phenomenology, that is they both give the same masses and the same VCKM .
The first set 4 is the well known Georgi-Jarlskog proposal [90]
yGJu =
 0 aλ6 0aλ6 0 bλ2
0 bλ2 1
 , yGJd =
 0 gλ3 0g′λ3 jλ2 0
0 0 1
 .
(3.30)
For tan β = 3 and with λ = 0.23, the values a = 0.799, b = 0.813 and g = 0.005 +
0.372i, g′ = 0.004− 0.285i, j = 0.387 give: (mu, mc, mt) = (0.0012, 0.28, 154) GeV,
(md, ms, mb) = (0.0009, 0.24, 1.17) GeV, |Vud| = 0.22, |Vub| = 0.027, |Vcb| = 0.043
and the Jarlskog invariant IG = 2.2 · 10−5. These GUT scale values, when run to
low energies, are compatible with the measured fermion masses and mixings. The
4In our convention Dirac mass terms are given by L¯mR.
3.4. HOW TO PROLONG PROTON LIFETIME 61
second set is obtained by replacing yGJd with the following matrix possessing a large
right-handed mixing in the 23 plane:
yHOd =
 0 Aλ3 0A∗λ3 0 Bλ2
0 1 1
 . (3.31)
This particular form for the down quark mass matrix has been studied in detail
by Hagiwara and Okamura [91]. For tan β = 3 and A = 0.274 + 0.475i, B =
−0.217 − 0.711i, one obtains exactly the previously quoted values of masses and
mixings. These two set, due to the different values of CP violating phases, give
different predictions for proton lifetime. KeepingmT = 2·1016 GeV, α = −β = 0.003
GeV3, mw˜ = 250 GeV, mh˜ = 125 GeV and assuming sfermions to be degenerate
with ms˜f = 837 GeV, then one predicts the values shown in Table 3.4.
τp/B(p→ K+ν¯) τp/B(p→ π+ν¯)
1031yr 1031yr
1st set (GJ) 5.6 2.8
2nd set (HO) 0.7 1.2
Table 3.4: Comparison of the predictions for proton lifetime between the two set of
mass matrices.
The values of the various parameters adopted here are suitable for the case of
minimal SU(5). As pointed out, they suffer from large theoretical uncertainties.
However one can recognize that minimal SU(5) is in serious troubles, predicting a
mean value for proton lifetime which is smaller then the present bound by two or
three orders of magnitude.
In addition, one can also conclude that, even in the best constrained case of
minimal SU(5), results depend on the textures utilized, even if they give completely
equivalent low energy phenomenology. The predictions differ for about one order
of magnitude and also the main channel is different. This discrepancy has to be
attributed entirely to the two CP violating phases. In fact, it is possible to recognize
that the first case is an example of destructive interference for the amplitude of
K+ν¯ (see eq. (3.24)). The dominant mode is then π+ν¯. In the second case, where
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no destructive interference occurs, proton lifetime is smaller by about one order
of magnitude and the mode π+ν¯ is slightly subdominant. The result is that an
uncertainty of about one order of magnitude arises just from the ignorance of the
input textures.
One can wonder about the effect on rates induced by taking appropriate textures
for ye, and not just y
T
d , as required by minimal SU(5). As will be discussed in the
next section, one simple and well known possibility is to assume that certain elements
of these matrices arise from a 4¯5 of Higgses and not from a 5¯. In the former case,
the element of ye will be multiplied by a factor −3 with respect to the corresponding
one of yTd . The matrices Cˆ, Dˆ, arising from the interaction of the 5¯ with matter, will
have zero in the corresponding entry. For the first set, Georgi and Jarlskog pointed
out that realistic Yukawa couplings for charged leptons can be obtained if the (22)
element comes entirely from a 4¯5, so that me = 1/3 md, mµ = 3ms, mτ = mb. For
the second set, these relations can be achieved if yd2,3 comes from a 4¯5:
yGJe =
 0 g′λ3 0gλ3 −3jλ2 0
0 0 1
 , yHOe =
 0 A∗λ3 0Aλ3 0 1
0 −3Bλ2 1
 . (3.32)
Correspondingly, CˆGJ22 = Dˆ
GJ
22 = 0 and Cˆ
HO
23 = Dˆ
HO
23 = 0. It easy to adapt the calcu-
lation of proton decay lifetime to this particular case. Under the same assumptions
made to obtain Table 3.4 one now obtains Table 3.5.
τp/B(p→ K+ν¯) τp/B(p→ π+ν¯)
1031yr 1031yr
1st set (GJ) 5.8 2.9
2nd set (HO) 0.8 1.5
Table 3.5: Comparison of the predictions for proton lifetime between the two set of
mass matrices in the realistic case.
The results are very similar to those of the minimal case. Indeed this is a simple
and very particular example, however, it is true also in general that the use of simple
realistic textures also for charged leptons doesn’t have very sizeable effects on proton
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lifetime. Achieving a certain degree of suppression through a differentiation between
triplet and doublet Yukawa couplings is a technically realizable possibility only for
much more complicated models, where a number of ad hoc assumptions must be
made [89]. It is clear that one is interested in looking for such mechanisms that lead
to construct non minimal models where proton lifetime can be pushed comfortably
above experimental bounds. As pointed out, a resolutive way to do this, would be
to have triplets much more heavy that in the minimal case. In the next chapter we
will discuss one of these models.
3.5 Fermion Masses and Mixings
The aesthetically attractive fact of putting in the same representation conceptually
different objects like quarks and leptons has mainly two consequences. The most
apparent one is the fact that quarks and leptons mass matrices turn out to be strictly
correlated. Despite the difficulties found, this can give interesting starting points
to face the flavour problem. The second consequence is the possibility of violating
baryon and lepton numbers. As shown, this leads to the striking prediction of proton
lifetime, with values in the region already partially excluded by present bounds.
Minimal models fail in correctly predicting both mass relations and proton lifetime.
In the following we will review the usual methods which can be adopted to
share some light on the resolution of the first problem. It is clear that finally one
is interested in understanding if these mechanisms are compatible or even help in
the solution of the other problems like proton decay and the other typical GUT
problems.
3.5.1 Mass Relations
The evident problem of minimal models is the prediction of wrong mass relation for
down quarks and charged leptons at MGUT . Assuming an exact R-parity discrete
symmetry under which matter fields are odd andH ,H are even, if the superpotential
contains the following Yukawa interaction terms
wY uk =
1
4
ΨAB10 Gu Ψ
CD
10 H
EǫABCDE +
√
2 ΨAB10 Gd Ψ5¯A HB (3.33)
where A,B, ... = 1, ..., 5, H , H are the pentaplets which contain the pair of light
doublets and Gu, Gd are 3 × 3 matrices in flavour space. Writing wY uk in terms of
MSSM multiplets, the interactions with doublets read:
wY uk ∋ QTGuU cH2u +QTGdDcH2d + LTGeEcH2d . (3.34)
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Then we get the following Dirac mass matrices at MGUT :
mˆu = Gu
vu√
2
, mˆTe = mˆd = Gd
vd√
2
, (3.35)
where vu, vd parameterize the vevs of H , H . The sharp transposition relation
mˆTe = mˆd is in conflict with what is expected on phenomenological grounds, by
evolving the values of down quarks and charged lepton masses from their values
measured at the electroweak scale to the GU scale, i.e. the Georgi-Jarlskog relations:
me ∼= 1
3
md , mµ ∼= 3ms , mτ ∼= mb . (3.36)
This problem is even exacerbated in minimal SO(10), where mˆu = mˆ
T
u = mˆνD ∝
mˆd = mˆ
T
d = mˆe. However, at least in SO(10) there is naturally the place for
right-handed neutrinos.
On the contrary, in SU(5) the inclusion of neutrino masses represents an ad-
ditional problem. A very simple way out is the addition of a gauge singlet field
Ψ1, which contains right-handed neutrinos. If one views SU(5) as descending from
SO(10), this is of course not only natural but also necessary. Then, in the superpo-
tential these terms are allowed
Ψ1 Gν Ψ5¯A H
A − 1
2
M Ψ1 GM Ψ1 (3.37)
which realize the see-saw mechanism. If M is just a bit smaller than MGUT , then
the atmospheric neutrino mass scale is naturally obtained. However one should em-
phasize that, because the term which gives mass to right-handed neutrinos doesn’t
break SU(5), then M should in principle be expected of order of the cut-off of
the theory, that could even be as large as MP l. The advantage of groups like
SO(10), SU(4) ⊗ SU(2) ⊗ SU(2) is that they directly possess a particle with the
same quantum numbers of right-handed neutrinos, whose mass scale thus results for
dynamical reasons of order of the GUT scale.
3.5.2 How to Achieve Realistic Spectra
The flavour problem consists in explaining the origin of the difference between the
three fermionic families, difference which causes their masses and mixings to be
organized in strongly and bizarre hierarchical structures. Probably this problem is
linked to the more fundamental one: why just three families? It is clear that the
idea of GU cannot alone answer these deep questions. The only thing it can offer
is a much more constrained framework with respect to the MSSM, where one can
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look for the criterion according to which the different mass matrices are linked one
to each other. One can thus learn a lot about what would be allowed to be present
at scales higher then the electroweak one and what could not at all be there.
To understand the situation it is convenient to take SU(5) as reference. This is
not at all restrictive because SO(10) can be always thought in terms of its SU(5)
content. The problems one has to face are two: firstly a mechanism to produce
a progressive suppression in the masses of the three generation, secondly a way
to reproduce the correct values of masses and mixings. The usual road taken to
overcome the first problem is by the use of flavour symmetries [51], for instance
a continuous U(1). This strategy is very successful, even if one is left with the
discomfort of having done ad hoc assumptions for the charges. Apart from this, it
turns out that it is very difficult to realize the correct spectra without tuning some
parameter, even in the more complicated extensions of minimal GUT models.
Possible ways for accounting for neutrino masses and mixings have been already
discussed. Here we will review the main strategies one can use to break the bad trans-
position relation between down quarks and charged leptons. Since 10× 5¯ = 5 + 45,
a mass term for quarks and leptons can be realized only with a 5¯ and a 4¯5. The
5¯, which is of course nothing that the pentaplet containing one of the light Higgs
doublets, predicts the sharp transposition relation. So, to have a realistic spectrum
there is the absolute need for a 4¯5, which succeeds in breaking the unwanted trans-
position. The 4¯5 can be a ”true” or an effective one. The first scenario, with a true
4¯5, was proposed a long time ago. Now it seems not very attractive because the
true 4¯5 contains a true doublet, which needs to be massive. One can then introduce
another 45 to construct a direct mass term (and also to canceling anomalies). But
it is well known that the two additional doublets cannot be light. If this were the
case then the prediction for α3(mZ) assuming coupling unification would be given
by:
α3(mZ) = αem(mZ)
56− 2δnH
(120 + 6δnH)sin2θ(mZ)− (24 + 3δnH) (3.38)
where δnH is the number of light extra doublets, in addition to the two of the MSSM.
Taking αem(mZ) = 1/128 and sin
2θ(mZ) = 0.23, one has:
α3(mZ) = 0.12 δnH = 0 (MSSM) (3.39)
α3(mZ) = 1.13 δnH = 2 . (3.40)
It is then absolutely unavoidable: to give a GUT scale mass to the four triplets; to
maintain at the electroweak scale two linear combinations of the doublets in 5¯, 4¯5 and
5, 45 but raising at the GUT scale their two orthogonal combinations. Here come
the difficulties, because this asymmetric splitting between doublets and triplets is a
much more complicated version of the usual doublet triplet splitting problem.
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To escape from these difficulties one can make complete use of the possibility
of working with non renormalizable operators and explore the field offered by the
effective 4¯5. The simplest possible mechanism is the well known proposal made by
Ellis and Gaillard [57] of considering the 4¯5 of the product 5¯ × 24 = 5¯ + 4¯5 + 7¯0.
This is indeed a very economical solution, because the 5¯ is already there and the
24, which must have non vanishing vev, can be naturally the one responsible for
the breaking of SU(5). Thus, this mechanism uses just the field content of minimal
SU(5). The following operator
√
2 ΨAB10 i Gdij Ψ5¯Cj HB
〈ΣCA〉
Λ
(3.41)
where Λ is the cut-off, gives Gdij = ydij = −2/3yeji. Note that both channels 5¯
and 4¯5 of the product 5¯ × 24 contribute to the mass. Also operators with more
insertions of Σ can be useful in realistic examples. The number of the invariants
obtained by contracting the indices in all possible ways grows with the number of
insertions made, so that one can use the freedom in choosing their relative coefficient
to fit the masses. This is however a kind of proof that realistic mass spectra are
realizable rather than a genuine prediction of the model.
There are other possibilities, in addition to the use of a 24. In the MDM,
for instance, the 75 responsible for the breaking of SU(5) can be successfully well
employed, without the introduction of additional fields. In fact, since 5¯ × 75 =
4¯5 + 5¯0 + ¯280, in this case only the pure 4¯5 channel contributes. For instance
√
2 ΨAB10 i Gdij Ψ5¯Cj HD
〈Y CDAB 〉
Λ
(3.42)
gives Gdij = ydij = −1/3yeji. In the next chapter the strategy of inserting the 75
to obtain a phenomenologically acceptable spectrum of fermions will be employed
in the context of a realistic version of the MDM.
3.6 Coupling Unification
The most outstanding support to the idea of Grand Unification comes from the
quantitative success of coupling unification in SUSY GUTs [60]. Assuming just the
field content of the MSSM (with two light Higgses), in the leading order approxima-
tion (LO), that is at one loop, the RGE for the running coupling measured at mZ
read:
1
αi(Q)
=
1
αi(mZ)
+
bi
2π
ln
(
Q
mZ
)
(3.43)
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with
b1 =
33
5
, b2 = 1 , b3 = −3 . (3.44)
Nowadays it is possible, thanks to the quite precise measurements of the three
running gauge coupling at mZ , to single out a not too broad range for the scale of
SUSY unification MGUT . Fig. 3.1 shows the flow of the gauge coupling in the one
loop approximation starting at mZ with the PDG data of last summer [92] , that
is, in the MS scheme: αem(mZ) = 127.934± 0.027, sin2 θ(mZ) = 0.23117± 0.00016,
mZ = 91.1872± 0.0021 GeV and the world average α3(mZ) = 0.1184± 0.0012. As
can be clearly seen, unification is very successful and the associated scale MGUT
turns out to be in the small range (1.9÷ 2.1) · 1016 GeV, with the previously quoted
errors.
Now it is also well established that GUT without SUSY is neatly disfavoured,
as appears clearly from the comparison of figs. 3.1 and 3.2. For the SM equations
analogous to (3.43) hold, but with b1 = 41/10, b2 = −19/6, b3 = −7.
Going beyond LO turns out to be necessary because the corrections from two
loop running on the prediction for α3(mZ) are of the order of 10%. It is reasonable
however to disregard three loop running, which would give correction of only about
1% on α3(mZ). In the following we will describe the calculations relative to the two
loop prediction of α3(mZ) starting from α1(mZ), α2(mZ) and assuming coupling
unification. We will give numerical results for the case of minimal SU(5). They will
be useful for comparison with the analogous predictions obtained in the MDM case,
whose analysis will be present in detail in the next chapter.
Different GUT models give different predictions for α3(mZ) because the contri-
bution to its running coming from threshold effects is sizeable. If one is convinced
that the success of coupling unification in the LO approximation is not just a coin-
cidence, then, in model building, one is constrained to introduce as few as possible
GUT fields, which in addition have to lie in not too large representations. It is clear
that working with a lot of field is equivalent to have a lot of degrees of freedom
at disposal, which can be arranged ad hoc to reproduce the data. The elegance of
the model is completely lost, but at least one possess a sort of existence proof of
the realizability of low energy data starting from a GUT scenario. Working with
few fields, instead, it is much more hard to give a completely satisfactory picture
of particle phenomenology. However, this latter point of view is the only one from
which a true deeper understanding of fundamental constituents could come.
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SUSY Standard Model
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Figure 3.1: Evolution of the running gauge couplings within the MSSM. The curves
are obtained in the 1 loop approximation by evolving the gauge couplings from their
measured values at mZ [92]: α1(mZ) = 0.016945± 0.000007, α2(mZ) = 0.033813±
0.00003 (from αem(mZ) = 127.934 ± 0.027, sin2 θ(mZ) = 0.23117 ± 0.00016, mZ =
91.1872± 0.0021 GeV) and α3(mZ) = 0.1184± 0.0012.
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Figure 3.2: The same as fig. 3.1 but within the SM.
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3.6.1 Coupling Unification Beyond the Leading Order Ap-
proximation
It is well known that, going beyond the LO approximation, in the minimal version
of SUSY SU(5) the central value of α3(mZ) required by the constraint of coupling
unification is somewhat large: α3(mZ) ≈ 0.13 [64, 96, 97, 100, 101].
From the one-loop renormalization group evolution of the couplings in the MSSM
with only two light Higgs doublets, eqs. (3.43), by evolving two couplings from their
values measured at mZ and imposing the constraint of unification, one can run back
to low energies with the third coupling thus giving a prediction for its value at mZ .
In this procedure it is preferable to take as input the two best measured couplings,
that is α1(mZ), α2(mZ). In fact, defining in theMS scheme α ≡ αQED(mZ), sin2 θ ≡
sin2 θ(mZ),
α1(mZ) =
α
1− sin2 θ , α2(mZ) =
α
sin2 θ
(3.45)
and the predictions are:
ln (M
(0)
GUT/mZ) =
π(3− 8 sin2 θ)
14α
a
(0)
5 =
28α
36 sin2 θ − 3
a
(0)
3 =
28α
60 sin2 θ − 12 (3.46)
where a3 ≡ α3(mZ), a5 ≡ α5(MGUT ) and the superscript (0) refers to a quantity
evaluated in the LO approximation. It is worth to stress that the LO results are the
same in minimal SUSY SU(5) and in all its extensions where the MSSM β functions
apply until MGUT .
By using α−1 = 127.934 and sin2 θ = 0.231 one obtains a(0)3 = 0.118 andM
(0)
GUT =
2.1 1016 GeV.
To go beyond the LO one must include two loop effects in the running of gauge
couplings, threshold effects at the scale mSUSY , close to the electroweak scale, and
threshold effects at the large scale MGUT . The unification scale MGUT is not uni-
vocally defined beyond LO and here we choose to identify it with the mass of the
SU(5) superheavy gauge bosons mV . Following ref. [64] it is possible to include
these effects by writing:
1
αi(mZ)
=
1
a5
+
bi
2π
ln
(
MGUT
mZ
)
+
δi
π
(3.47)
where a5 = α5(MGUT ) and the next to leading corrections are contained in δi, i =
1, 2, 3 and can be separated according to their origin. The logarithmic contribution
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coming from two loop running, δi(2), and the contributions of SUSY and GUT
thresholds, respectively δi(l) and δi(h):
δi = δi(2) + δi(l) + δi(h) (3.48)
The LO eqs. (3.46) are thus improved by:
ln
(
MGUT
mZ
)
= ln
(
M
(0)
GUT
mZ
)
+ δX
1
a5
=
1
a
(0)
5
+ δ5
a3 =
a
(0)
3
(1 + a
(0)
3 δ3)
(3.49)
where the various δX,5,3 are linear combinations of δi:
δX =
10
28
(δ2 − δ1)
δ5 = − 1
28
(33δ2 − 5δ1)
δ3 =
1
7π
(5δ1 − 12δ2 + 7δ3) (3.50)
In order to obtain the prediction for a3 it is necessary to specify the various
contributions which enters δ3 = δ3(2) + δ3(l) + δ3(h).
Two-loop running
The one from two-loop running is finite and given by:
δi(2) =
3∑
j=1
bij
2bj
ln
(
1 +
bj
2π
a
(0)
5 ln
(
M
(0)
GUT
mZ
))
(3.51)
where
bij =
 199/50 27/10 44/59/10 25/2 12
11/10 9/2 7
 (3.52)
In particular
δ3(2) = −0.823 . (3.53)
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SUSY Thresholds
The one loop thresholds from SUSY particles read:
δi(l) = −
∑
j
b
(l)
i (j) ln
(
mj
mZ
)
(3.54)
where j runs over all light particles of mass mj and b
(l)
i (j) can be read from Table
3.6.
sparticle b
(l)
1 (j) b
(l)
2 (j) b
(l)
3 (j)
gluinos 0 0 1
winos 0 2/3 0
higgsinos 1/5 1/3 0
extra Higgses 1/20 1/12 0
q˜L 1/60 1/4 1/6
u˜R 2/15 0 1/12
d˜R 1/30 0 1/12
l˜L 1/20 1/12 0
e˜R 1/10 0 0
Table 3.6: SUSY thresholds.
To give a concrete example, one has to specify a certain SUSY spectrum. We
will consider as representative the one given in Table B.1, where the additional
freedom related to the parametersm0, m1/2, µ,mH can be fixed by choosing 0.8m0 =
0.8m1/2 = 2µ = mH and taking as a definition mSUSY ≡ mH , so that all particle
masses can be expressed in term of mSUSY .
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The result is then
δ3(l) = −0.503 + 19
28π
ln
(
mSUSY
mZ
)
. (3.55)
GUT Thresholds
Threshold contributions from heavy particles can be expressed as:
δi(h) = ci −
∑
j
b
(j)
i (h) ln
(
mj
mGUT
)
(3.56)
with c1 = 0, c2 = 1/6, c3 = 1/4 and the sum is over all heavy particles.
To specialize to the case of minimal SU(5) one has to consider its heavy spectrum.
After the Higgs mechanism, 12 complex fields of the 24 representation (the 24 would-
be Goldstone bosons) are eaten by the 24V of gauge vector bosons, which thus
become massive. The other 12 complex fields in the 24 acquire instead a heavy
mass. In addition to them, there are the colour triplets of the 5 and 5 representation.
Thresholds can be evaluated according to:
state (SU(3), SU(2), U(1)) b
(h)
1 (j) b
(h)
2 (j) b
(h)
3 (j) mass
(8, 1, 0) 0 0 3/2 mΣ
(1, 3, 0) 0 1 0 mΣ
(1, 1, 0) 0 0 0 0.2mΣ
(3, 1,−1/3), (3, 1, 1/3) 1/5 0 1/2 mT
Table 3.7: GUT thresholds. mΣ ≡ 5M24, with M24 defined as in section 3.1.1.
For this case one obtains
δmin3 (h) = −0.0114−
9
14π
ln
(
mT
MGUT
)
+
3
14π
ln
(
mΣ
MGUT
)
. (3.57)
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Results
The first of eqs. (3.49) turns out to be very useful. The contributions to its correc-
tive term δX coming from two-loop running and SUSY thresholds induced by the
spectrum of Table B.1 are:
δX(2) = 0.469 (3.58)
δX(l) = −0.036− 25
84
ln
(
mSUSY
mZ
)
. (3.59)
Thresholds from GUT particles within minimal SU(5) give:
δX(h) = 0.060− 5
14
ln
(
mΣ
MGUT
)
+
1
14
ln
(
mT
MGUT
)
. (3.60)
Here in minimal SU(5) it turns out clearly, but it is true in general that, keeping
fixed mSUSY , the first of eqs. (3.49) can be considered as a relation between the
GUT masses. In this case it relates mV =MGUT to mΣ, mT .
Substituting in δ3(h) the expression thus obtained for MGUT , one can always
write δ3 according to the following expression:
δ3 = k +
1
2π
ln
(
mSUSY
mZ
)
− 3
5π
ln
(
mT
M
(0)
GUT
)
(3.61)
This expression for δ3 is general because we have subdivided the various contri-
butions in a numerical coefficient plus logarithmic contributions. The logarithmic
term with mSUSY comes from particles with masses near mSUSY . Similarly, the
logarithmic term with mT arises from particles with masses of order mT ≈ MGUT .
The definition of mT is the mass of Higgs colour triplets in the minimal model or
the effective mass that, in realistic models, plays the same role for proton decay
[64, 96]. Notice that that there isn’t any dependence on mΣ. The term indicated
with k = k(2)+k(SUSY )+k(MGUT ) contains the contribution of two loop diagrams
to the running couplings, k(2), the threshold contribution from states near mSUSY ,
k(SUSY ), and the threshold contribution from states near MGUT , k(MGUT ). This
way of subdividing the contribution is useful because the threshold contributions
would vanish if all states had the mass mSUSY or MGUT so that only mass splittings
contribute to k(SUSY ) and k(MGUT ).
The values of k(2) and of k(SUSY ) are the same in minimal SU(5) and in
its realistic extensions, because only the heavy spectrum changes. Typical values
are k(2) = −0.733 and k(SUSY ) = −0.510. The value for k(SUSY ) = −0.510
corresponds to the representative spectrum displayed in Table B.1. Note that the
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Figure 3.3: Contours of a3 ≡ αs(mZ) in the plane (mSUSY , mT ), for minimal SU(5).
The SUSY spectrum is parametrized as in Table B.1.
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value of k(MGUT ) is practically zero for the 24 of the minimal model. The reason
is that in minimal SU(5) all coloured GUT multiplets are degenerate, as appears
clearly giving a look to Table 3.7. The result is thus:
k = −0.733− 0.510 = −1.243 minimal model (3.62)
In fig. 3.3 the prediction for a3 in the plane (mSUSY , mT ) is shown for the case
of minimal SU(5). It can be seen that, in this case, we need to take mSUSY as
large as possible and mT as small as possible. But the smaller is mT , the faster
is proton decay. The best compromise is something like mSUSY ≈ 1 TeV and
mT ≈ M (0)GUT , which leads to α3(mZ) ≈ 0.13 which is still rather large and proton
decay is dangerously fast, in conflict with experimental limits. In fact, with this
value for mT , we already know from the discussion of section 3.4.5 that proton
lifetime for the channel p→ K+ν¯ is expected to be around 1031 yr and that, in the
minimal model, there is no way to push it above the experimental limit of ∼ 2 · 1033
yr. Thus, we are lead to conclude that minimal SUSY SU(5) is ruled out.
As already pointed out, models based on SO(10) are highly model dependent,
because the choice of Higgs fields which are introduced to realize the breaking of
SO(10) affects many predictions, among which proton decay and coupling unifica-
tion. For instance, in the quite economic SO(10) model of ref. [42], the corrections
to α3(mZ) coming from representations like 10, 10, 16, 16 and 45 are expected to be
positive and of order 10% with respect to the experimental value of α3(mZ), so that
one needs to invoke negative corrections of the same order arising from Planck scale
effects or other thresholds.
Chapter 4
A realistic SUSY SU(5) GUT
Model
It has emerged from the survey of the previous chapter that, despite the idea of
GUT is really very attractive, its actual realization is not at all precisely defined.
Consider also that at the Planck scale, MP l, the unification of gravity with gauge
interactions is a general property of superstring theories. But in simple GUT models
gauge interactions are unified at a distinctly lower mass scale MGUT within the
context of a renormalizable gauge theory. However, this neat separation between
gauge unification and merging with gravity is not at all granted. The gap between
MGUT andMP l could be filled up by a number of threshold effects and several layers
of additional states. Also, coupling unification could be realized without gauge
unification, as suggested in some versions of superstring theory or in flipped SU(5).
The model we aim at should not rely on large fine tunings and must lead to an
acceptable phenomenology. This includes coupling unification with an acceptable
value of αs(mZ), given α and sin
2θW at mZ , compatibility with the more and more
stringent bounds on proton decay [61, 77], agreement with the observed fermion
mass spectrum, also considering neutrino masses and mixings and so on.
Prompted by recent neutrino oscillation data some new studies on realistic GUT
models have appeared in the context of SO(10) or larger groups [42, 93]. Here we
address the question whether the smallest SUSY SU(5) symmetry group can still
be considered as a basis for a realistic GUT model. We indeed present an explicit
example of a realistic SU(5) model [94], which uses a U(1) flavour symmetry as a
crucial ingredient. In principle the flavour symmetry could be either global or local.
We tentatively assume here that the flavour symmetry is global. This is more in
the spirit of GUT’s in the sense that all gauge symmetries are unified. The associated
Goldstone boson receives a mass from the anomaly. Such a pseudo-Goldstone boson
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can be phenomenologically acceptable in view of the existing limits on axion-like
particles [95].
In this model the doublet-triplet splitting problem is solved by the MDM [63]
stabilized by the flavour symmetry against the occurrence of doublet mass lifting
due to non renormalizable operators. Relatively large representations (50, 50, 75)
have to be introduced for this purpose. A good effect of this proliferation of states
is that the value of αs(mZ) obtained from coupling unification in the next to the
leading order perturbative approximation receives important negative corrections
from threshold effects near the GUT scale. As a result, the central value changes
from αs(mZ) ≈ 0.130 in minimal SUSY SU(5) down to αs(mZ) ≈ 0.116, in better
agreement with observation [64, 96, 97]. The same U(1) flavour symmetry that
stabilizes the missing partner mechanism is used to explain the hierarchical structure
of fermion masses. In the neutrino sector, mass matrices very similar to the ones
already presented in the first model of section 2.1.3 (and proposed in ref. [32])
are obtained. The large atmospheric neutrino mixing is due to a large left handed
mixing in the lepton sector that corresponds to a large right handed mixing in
the down quark sector. In the present particular version maximal mixing also for
solar neutrinos is preferred. A possibly problematic feature of the model is that,
beyond the unification point, when all the states participate in the running, the
asymptotic freedom of SU(5) is destroyed by the large number of matter fields.
As a consequence, the coupling increases very fast and the theory becomes non
perturbative belowMP l. In the past models similar to ours have been considered, but
were discarded just because they contain many additional states and tend to become
non perturbative between MGUT and MP l. We instead argue that these features
are not necessarily bad. While the predictivity of the theory is reduced because
of non renormalizable operators that are only suppressed by powers of MGUT/Λ
with Λ < MP l, still these corrections could explain the distortions of the mass
spectrum with respect to the minimal model, the suppression of proton decay and
so on. However, it is certainly true that also in this case, as for any other known
realistic model, the resulting construction is considerably more complicated than in
the corresponding minimal model.
4.1 The Model
The symmetry of the model is SUSY SU(5) ⊗ U(1). We define Q the charge as-
sociated with U(1) and assume that the global U(1) flavour symmetry is a good
symmetry of the superpotential, that is it is not violated by non-perturbative effects
through operators appearing in the superpotential w. The superpotential of the
4.2. DOUBLET-TRIPLET SPLITTING 79
model can be thought as composed of three parts:
w = w1 + w2 + w3 , (4.1)
where w1 accounts for the breaking of SU(5), w2 realizes the doublet-triplet splitting
by means of the MDM and w3 contains the Yukawa couplings.
4.1.1 SU(5) Breaking
The w1 term contains only the field Y of the representation 75 of SU(5) with Q = 0:
w1 = c1 Y
AB
CD Y
CD
EF Y
EF
AB +MY Y
AB
CD Y
CD
AB , (4.2)
where A,B, ... = 1, 2, ..., 5. w1 has the effect of providing Y with a vev 〈Y 〉 ≡
MY /(2c1) ∼MGUT and of giving a mass to all physical components of Y , i.e. those
that are not absorbed by the Higgs mechanism. The 75 uniquely breaks SU(5) down
to SU(3)⊗ SU(2)⊗ U(1) through the following vev:
〈Y ABCD 〉 = −〈Y 〉
[(
δαγ δ
β
δ + 2δ
a
c δ
b
d −
1
2
δACδ
B
D
)
− (A↔ B)
]
, (4.3)
where Greek indices assume values from 1 to 3 and Latin indices from 4 to 5.
4.2 Doublet-Triplet Splitting
The w2 term induces the doublet-triplet splitting:
w2 = c2 H
AY DEBC H50
BCFGǫADEFG + c3HAY
BC
DE H50BCFGǫ
ADEFG
+ c4 H50
ABCDH50ABCDX . (4.4)
Here H and H are the usual pentaplets of Higgs fields, except that now they carry
non opposite Q charges. It is not restrictive to take c2, c3 and c4 real and positive.
The renormalizable couplings that appear in w2 are the most general allowed by the
SU(5) and Q assignments of the fields in eq. (4.4) which are given in Table 4.1.
The value of q will be specified later.
4.2.1 Limit of Unbroken SUSY
At the minimum of the potential, in the limit of unbroken SUSY, the vevs of the
fields H , H , H50 and H50 all vanish, while the X vev remains undetermined. These
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field Y H H H50 H50 X
SU(5) 75 5 5 50 50 1
Q 0 −q q − 1 q 1− q −1
Table 4.1: Q charge assignments.
can be easily understood by writing symbolically the equations for the minimum of
the superpotential wi = 0, the subscript i standing for derivation:
wY = 2MY Y + 3c1Y
2 + c2HH50 + c3HH50
w50 = c2HY + c4XH50
w50 = c3HY + c4XH50
wH = c2Y H50 (4.5)
wH = c3Y H50
wX = c4H50H50
For any 〈X〉, a minimum is achieved by taking 〈H〉 = 〈H〉 = 〈H50〉 = 〈H50〉 = 0
and 〈Y 〉 as shown in eq. (4.3).
As we shall see, when SUSY is softly broken the light doublets in H and H
acquire a small vev while the X vev will be fixed near the cut-off Λ, of the order
of the scale between MGUT and MP l where the theory becomes strongly interacting
(we shall see that we estimate this scale at around 10−20MGUT , large enough that
the approximation of neglecting terms of order MGUT/Λ is not unreasonable). The
MDM occurs as discussed in eqs. (3.9) and (3.10) with the only difference that the
mass term forH50 and H50 originates from the vev of X . The U(1) flavour symmetry
protects the doublet Higgs to take mass from radiative corrections because no HH
mass term is allowed. Also no non renormalizable terms of the form HHY mXn
(m,n ≥ 0) are possible, because X has a negative Q charge. As anticipated in
section 3.2.1, this version of the MDM was introduced in ref. [67] and overcomes
the observation in ref. [68] that, in general, non renormalizable interactions spoil
the mechanism. The Higgs colour triplets mix with the analogous states in the 50
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and the resulting mass matrix is of the see-saw form:
mˆT =
[
0 −4√3c2〈Y 〉
−4√3c3〈Y 〉 c4〈X〉
]
. (4.6)
Defining mφ = c4〈X〉 the eigenvalues of the matrix mˆT mˆ†T are the squares of:
mT1,2 =
1
2
[√
m2φ + 48 (c2 + c3)
2〈Y 〉2 ±
√
m2φ + 48 (c2 − c3)2〈Y 〉2
]
. (4.7)
and mT1mT2 = 48 c2 c3 〈Y 〉2. The effective mass that enters in the dimension 5
operators with |∆B = 1| is 1/(mˆ−1T )11:
mT =
mT 1mT 2
mφ
=
48 c2 c3 〈Y 〉2
c4 〈X〉 . (4.8)
4.2.2 Broken Supersymmetry
The breaking of SUSY fixes a large vev for the fieldX by removing the corresponding
flat direction, gives masses to s-partners, provides a small mass to the Higgs doublet
and introduces a µ term. In the (50, 50, X) sector, the terms that break SUSY softly
are:
−Lsoft = m2x|x|2 +m250|c|2 + m250|c¯|2 +m3/2c4A4(cc¯x + h.c.) + ..... (4.9)
where c, c¯ and x denote the scalar components of H50, H50 and X respectively,
mx, m50, m50 their soft breaking masses, m3/2 the gravitino mass and A4 a trilinear
coupling. Note that c4 has here the same role played in SUSY radiative electroweak
breaking by the top Yukawa coupling. Dots stand for the remaining soft breaking
terms, including mass terms for the scalar components of the Higgs doublet fields 1.
Consider first the limit mx = m50 = m50 = m3/2 ≡ m and c4A4 = 1. In the
SUSY limit and neglecting the mixing between the (50, 50) and the (5, 5¯) sectors,
fermions and scalars in the 50 and 50 have a common squared mass c24x
2. When
SUSY is broken by the soft terms for each fermion of mass c4x there are two bosons
of squared masses c24x
2 +m2 ±mx. The x terms in the scalar potential at one loop
accuracy are given by:
V = m2x2 +
50
64π2
{
2(c24x
2 +m2 +mx)2
[
log
(
c24x
2 +m2 +mx
Λ2
)
− 3/2
]
1To find the minima of the scalar potential it is not restrictive to set to zero the imaginary part
of x, which will be understood in the remaining part of this section.
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+ 2(c24x
2 +m2 −mx)2
[
log
(
c24x
2 +m2 −mx
Λ2
)
− 3/2
]
− 4c44x4
[
log
(
c24x
2
Λ2
)
− 3/2
]}
(4.10)
A numerical study of this potential in the limit m ≪ Λ and for c4 of order one,
shows that the minimum is at x of order Λ (somewhat smaller than Λ but close to
it). The expression for V in eq. (4.10) provides a good approximation of the scalar
potential only in a small region around Λ. Outside this region the perturbative
approximation will break down. We take our numerical analysis as an indication
that the minimum occurs near Λ.
To analyze in more detail the situation we consider the differential equation
describing the evolution of the x mass and we identify 〈X〉 with the scale at which
m2x vanishes. With the soft terms of (4.9), we find that the following set of differential
equations is appropriate to describe the running in range between MGUT and the
cut-off:
dm2x
d lnQ
=
25
4π2
c24(m
2
x +m
2
50 +m
2
50 +m
2
3/2A
2
4)
dm250
d lnQ
=
dm2
50
d lnQ
= −84
5π
αm˜2 +
1
8π2
c24(m
2
x +m
2
50 +m
2
50 +m
2
3/2A
2
4)
dc4
d lnQ
= −42
5π
αc4 +
13
4π2
c34 (4.11)
d(m3/2A4)
d lnQ
= −84
5π
αm˜+
13
2π2
m3/2c
2
4A4
dm˜
d lnQ
=
52
2π
αm˜
dα
d lnQ
=
52
2π
α2
where α is the running gauge coupling and m˜ are gaugino masses, which are supposed
to be degenerate. The value of 〈X〉 depends on the boundary conditions assigned
to the relevant parameters at the cut-off scale, in particular c4 and the trilinear
cc¯x coupling in Lsoft. To give a numerical example, if Λ = 1.1 · 1017 GeV and
α(Λ) = 0.88, then 〈X〉 ∼ Λ/4 is obtained by choosing the following reasonable
values of the parameters at the cut-off scale: mx = m50 = m50 = m3/2 = 800 GeV,
m˜ = 2 TeV, c4 = 0.2 and A4 = 0.7. This particular situation is shown in fig. 4.1,
where the running of m2x, m
2
50, m
2
50
and m2m ≡ (m3/2c4A4)2 is displayed. In the next
section we assume that the true minimum occurs at x = 〈X〉 = 0.25Λ, that is, by
defining λ ≡ 〈X〉/Λ, at λ = 0.25.
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Figure 4.1: Running of m2x, m
2
50, m
2
50
and m2m ≡ (m3/2c4A4)2. The solid (dashed)
lines correspond to: Λ = 1.1·1017 GeV, α(Λ) = 0.88, mx = m50 = m50 = m3/2 = 800
GeV, m˜ = 2 TeV, c4 = 0.2 (c4 = 0.4) and A4 = 0.7. The solid red line gives a
λ ≡ 〈X〉/Λ ∼ 0.25.
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We have studied the dependence of 〈X〉 upon both the boundary values of c4
and A4. We find that the dependence on c4(Λ) is logarithmic and that there is
a mild linear dependence on the trilinear cc¯x term evaluated at Λ. The above
dependence results mainly from the interplay of the differential equations describing
the evolution of the x mass and the c4 coupling, the quantities with the faster
running in the region close to the cut-off Λ. We obtain: δ〈X〉/Λ ≈ 0.4 δc4/c4. This
means that, with the same boundaries of the previous numerical example but with
c4 doubled, the value of 〈X〉 becomes greater by a factor 2.2, as can be seen from
fig. 4.1. The vev of X seems thus to be not dangerously unstable with respect to
the boundaries. This situation differs from the analogous mechanism of radiative
electroweak symmetry breaking, where a doubling of yt can cause a variation of
several orders of magnitude in the vev of the Higgs doublet. We have checked that,
in our case, the mild dependence on c4 is due to the running of c4 itself which, in
the appropriate energy window, is not negligible.
The complex field x describes two physical scalar particles. The one associated
to the real part of x has a mass of order m3/2 and couplings to the ordinary fermions
suppressed by 1/Λ. The particle associated to the imaginary part of x is massless
only in the tree approximation. Due to the anomaly of the related U(1)Q current
the particle acquires a mass of order fpimpi/〈X〉. Cosmological bounds on 〈X〉 have
been recently reconsidered in ref. [95] where it has been observed that 〈X〉 of the
order of the grand unification scale is not in conflict with observational data.
An alternative possibility is to assume that the U(1) symmetry is local [67].
In this case the supersymmetric action contains a Fayet-Iliopoulos term and the
associated D-term in the scalar potential provides a large vev for x, of the order of
the cut-off scale Λ.
A µ term for the fields H and H of the appropriate order of magnitude can
be generated according to the Giudice-Masiero mechanism [99]. Assume that the
breaking of SUSY is induced by the θ2 component of a chiral (effective) superfield
S, singlet under SU(5) with Q = 0. In the Kahler potential a term of the form
K =
S†X†HH
Λ2
+ h.c. (4.12)
is allowed. The vevs of S and X , 〈S〉 ∼ θ2m3/2MP l, 〈X〉 = λΛ lead to an equivalent
term in the superpotential of the desired form µHH with µ ∼ λm3/2MP l/Λ which
can be considered of the right order.
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4.3 Coupling Unification
As was pointed out previously, it is well known that in the minimal version of SUSY
SU(5) the central value of α3(mZ) required by the constraint of coupling unification
is somewhat large: α3(mZ) ≈ 0.13 [64, 96, 97, 100, 101]. In the model discussed
here, where the doublet-triplet splitting problem is solved by introducing the SU(5)
representations 50, 50 and 75, the central value of α3(mZ) is modified by threshold
corrections near MGUT which bring the central value down by a substantial amount
so that the final result can be in much better agreement with the observed value. As
discussed in refs. [64, 96], this remarkable result arises because the 24 of the minimal
model is replaced by the 75. The mass splittings inside these representations are
dictated by the group embedding of the 75 singlet under SU(3)⊗SU(2)⊗U(1) that
breaks SU(5). The difference in the threshold contributions from the 24 and the 75
has the right sign and amount to bring α3(mZ) down even below the observed value.
The right value can then be obtained by moving mSUSY and mT in a reasonable
range. The difference in the favored value of mT with respect to the minimal model
in order to reproduce the observed value of α3(mZ) goes in the right direction to also
considerably alleviate the potential problems from the bounds on proton decay. Note
that there are no additional threshold corrections from the 50 and 50 representations
because the mass of these states arise from the coupling to the field X which is an
SU(5) singlet. Thus there are no mass splittings inside the 50 and the 50 and no
threshold contributions. While there is no effect on the value of α3(mZ) the presence
of the states in the 50 and 50 representations affects the value of the unified coupling
at MGUT and also spoils the asymptotic freedom of SU(5) beyond MGUT . We find
it suggestive that the solution of the doublet-triplet splitting problem in terms of
the 50, 50 and 75 representations automatically leads to improve the prediction of
α3(mZ) and at the same time relaxes the constraints from proton decay. We now
discuss this issue in more detail.
4.3.1 Estimate of α3(mZ)|MS
The calculation proceeds exactly as in the previous chapter. With the same SUSY
spectrum, all the differences on the values of a5,MGUT , a3, with respect to minimal
SUSY SU(5), are caused by the term δi(h) of (3.48).
Following the steps already encountered, δ3(2), δ3(l) are those of eqs. (3.53) and
(3.55), but δ3(h) is now obtained substituting in eq. (3.56) the b
(h)
i reported in Table
4.2.
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state (SU(3), SU(2), U(1)) b
(h)
1 (j) b
(h)
2 (j) b
(h)
3 (j) mass
(8, 3, 0) 0 8 9/2 mY
(3, 1, 5/3)(3¯, 1,−5/3) 5 0 1/2 0.8mY
(6, 2, 5/6)(6¯, 2,−5/6) 5 3 5 0.4mY
(1, 1, 0) 0 0 0 0.2mY
(8, 1, 0) 0 0 3/2 0.2mY
(3, 1,−1/3), (3, 1, 1/3) 1/5 0 1/2 mT 1
(3, 1,−1/3), (3, 1, 1/3) 1/5 0 1/2 mT 2
50, 50 173/10 35/2 17 mφ
Table 4.2: GUT thresholds for the MDM. mY ≡ 5MY .
For this case one obtains
δ3(h) = 2.047− 9
14π
ln
(
mT
MGUT
)
+
3
14π
ln
(
mY
MGUT
)
(4.13)
where mT is the effective triplet mass. Note that this equation is very similar to eq.
(3.57), apart from the non-logarithmic term. We can still use the first of eqs. (3.49),
with the difference that thresholds from GUT particles within the MDM now give:
δX(h) = −0.993− 5
14
ln
(
mY
MGUT
)
+
1
14
ln
(
mT
MGUT
)
. (4.14)
Thus, keeping fixed mSUSY , the first of eqs. (3.49) can be considered as a relation
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between the GUT masses mV =MGUT , mY , mT .
ln
(
MGUT
mZ
)
= ln
(
M
(0)
GUT
mZ
)
+ [0.469](2) +
[
−0.036− 25
84
ln
(
mSUSY
mZ
)]
(l)
+
[
−0.993− 5
14
ln
(
mY
MGUT
)
+
1
14
ln
(
mT
MGUT
)]
(h)
(4.15)
Substituting it in δ3(h) for MGUT , as pointed out in 3.6.1, we can write the
prediction for δ3 in the following form,
δ3 = k +
1
2π
ln
(
mSUSY
mZ
)
− 3
5π
ln
(
mT
M
(0)
GUT
)
(4.16)
where again k = k(2)+k(SUSY )+k(MGUT ) and it contains the contribution of two-
loop diagrams to the running couplings, k(2), the threshold contribution of states
near mSUSY , k(SUSY ), and the threshold contribution from states near MGUT ,
k(MGUT ). Remember that the threshold contributions would vanish if all states
had the mass mSUSY or MGUT so that only mass splittings contribute to k(SUSY )
and k(MGUT ). The values of k(2) and of k(SUSY ) are essentially the same in the
minimal and the realistic model. As in the previous chapter we take: k(2) = −0.733
and k(SUSY ) = −0.510, corresponding to the representative spectrum displayed in
Table B.1. The value of k(MGUT ) was zero for the 24 of the minimal model, but
now we have k(MGUT ) = 1.857 for the 75 of the realistic model. The 75 contains in
fact non degenerate coloured multiplets. Thus we obtain:
k = −0.733− 0.510 = −1.243 minimal model
k = −0.733− 0.510 + 1.857 = 0.614 realistic model (4.17)
This difference is very important and makes the comparison with experiment
of the predicted value of α3(mZ) much more favorable in the case of the realistic
model. In fact for k large and negative as in the minimal model we need to take
mSUSY as large as possible and mT as small as possible. But the smaller is mT , the
faster is proton decay. The best compromise is something like mSUSY ≈ 1 TeV and
mT ≈ M (0)GUT , which leads to αs(mZ) ≈ 0.13 which is still rather large and proton
decay is too fast. This is to be confronted with the case of the realistic model where
k is instead positive and large enough to drag αs(mZ) below the observed value.
We now prefer mT to be larger than M
(0)
GUT by typically a factor of 20-30, which
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Figure 4.2: Contours of a3 ≡ αs(mZ) in the plane (mSUSY , mT ), for the missing
doublet model. The SUSY spectrum is parametrized as in Table B.1.
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means a factor of 400-1000 of suppression for the proton decay rate with respect
to the minimal model. For example, for mSUSY ≈ 0.25 TeV and mT ≈ 6 · 1017
GeV we obtain α3(mZ) ≈ 0.116 which is acceptable. The predictions for a3 versus
(mSUSY , mT ) in the minimal and the missing doublet model are shown in figs. 3.3
and 4.2.
Due to the large matter content the model is not asymptotically free and the
gauge coupling constant α5 blows up at the scale
MGUT exp
(
π
26a5
)
. (4.18)
Taking into account that threshold effects modify a5 with respect the LO value
a
(0)
5 ≈ 1/24, we find that the pole occurs near 1017 GeV, the precise value depending
on the details of the heavy spectrum.
4.3.2 Theoretical Uncertainties
Clearly, there is an uncertainty on k(SUSY ), related to the possibility of varying
both the parameterization used and the relations assumed between the parameters
m0, m1/2, µ, mH . An overall uncertainty of ±0.005 on a3 has been estimated in ref.
[100] by scanning many models consistent with electroweak symmetry breaking, a
neutral lightest supersymmetric particle and sparticle masses above the experimental
bound and below ∼ 2 TeV.
We stress that in the present analysis we are assuming universal soft breaking
parameters at the cut-off scale. If we relax this assumption, then a larger range for
a3 could be obtained. Indeed a3 is particularly sensitive to wino and gluino masses,
that, at the electroweak scale, are approximately in the ratio 1:3 when a universal
boundary condition on gaugino masses is imposed. It has been observed that, by
inverting this ratio, a negative contribution of about −0.01 to a3 is obtained [102].
Another source of uncertainty on a3 is related to the unknown physics above
the cut-off scale of the grand unified theory. There can be threshold effects due to
new heavy particles or even non perturbative effects that arise in the underlying
fundamental theory. These effects can be estimated from the non-renormalizable
operators, suppressed by 〈Y 〉/Λ, that split the gauge couplings at the scale M (0)GUT
[103]. For generic, order one coefficients and barring cancellations among different
terms, the presence of these operators may affect a3 by additional contributions
of about ±0.005MP l/Λ [100]. As we will see the model under discussion requires
Λ ≈ 0.1MP l. Therefore, to maintain the good agreement between the experimental
and predicted values of a3, we need a suppression of this contribution by about a
factor of 10, which we do not consider too unnatural.
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In view of the large theoretical uncertainties on a3 we cannot firmly conclude
that the gauge coupling unification fails in the minimal model while it is completely
successful in the realistic one. However we find very encouraging that, by solving
the doublet-triplet splitting problem within the missing partner model, acceptable
values of a3 can be easily obtained and that they are directly related to a proton
lifetime potentially larger than in the minimal model.
4.4 Yukawa Couplings
The w3 term contains the Yukawa interactions of the quark and lepton fields Ψ10,
Ψ5 and Ψ1, transforming as the representations 10, 5 and 1 of SU(5) respectively.
We assume an exact R-parity discrete symmetry under which Ψ10, Ψ5 and Ψ1 are
odd whereas H , H, H50 and H50 are even. The w3 term is symbolically given by
w3 = Ψ10Gu(X, Y )Ψ10H + Ψ10Gd(X, Y )Ψ5H + Ψ5Gν(X, Y )Ψ1H
+ MΨ1GM(X, Y )Ψ1 + Ψ10G50(X, Y )Ψ10H50 . (4.19)
The Yukawa matrices Gu, Gd, Gν , GM and G50 depend on X and Y and the asso-
ciated mass matrices on their vevs. The last term does not contribute to the mass
matrices because of the vanishing vev of H50, but is important for proton decay.
The pattern of fermion masses is determined by the U(1) flavour symmetry that
fixes the powers of λ ≡ 〈X〉/Λ for each entry of the mass matrices. In fact X is
the only field with non vanishing Q that takes a vev. The powers of λ in the mass
terms are fixed by the Q charges of the matter field Ψ and of the Higgs fields H and
H . We can then specify the charge q that appears in Table 4.1 and the Q charges
of the matter fields Ψ in order to obtain realistic textures for the fermion masses.
We choose q = 2, so that we have:
Q(H) = −2 and Q(H) = 1 , (4.20)
and, for matter fields
Q(Ψ10) = (4, 3, 1) , Q(Ψ5¯) = (4, 2, 2) , Q(Ψ1) = (1,−1, 0) . (4.21)
The Yukawa mass matrices are of the form:
Gr(〈X〉, 〈Y 〉)ij = λnijGr(〈Y 〉)ij, r = u, d, ν,M . (4.22)
We expand Gr(〈Y 〉)ij in powers of 〈Y 〉 and consider the lowest order term at first.
Taking Gr(0)ij of order 1 and nij as dictated by the above charge assignments we
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obtain 2:
mu =
1√
2
λ6 λ5 λ3λ5 λ4 λ2
λ3 λ2 1
 vu , md = mTe = 1√2
λ5 λ3 λ3λ4 λ2 λ2
λ2 1 1
 vdλ4 ,
mν =
1√
2
λ3 λ λ2λ 0 1
λ 0 1
 vu , mmaj =
λ2 1 λ1 0 0
λ 0 1
 M .
(4.23)
For a correct first approximation of the observed spectrum we need λ ≈ λC ≈ 0.22,
λC being the Cabibbo angle. These mass matrices are very similar to those already
introduced in section 2.1.3, with two important differences.
We have here that tan β = vu/vd ≈ mt/mbλ4, which is small. The factor λ4 is
obtained as a consequence of the Higgs and matter fields charges Q, while in chapter
2 the H and H charges were taken as zero. We recall that a value of tanβ near 1
is an advantage for suppressing proton decay. A small range of tanβ around one is
currently disfavored by the negative results of the SUSY Higgs search at LEP [98].
Of course we could easily avoid this range, if necessary.
Remember that the zero entries in the mass matrices of the neutrino sector occur
because the negatively Q-charged X field has no counterpart with positive Q-charge.
Neglected small effects could partially fill up the zeroes. As explained in ref. [32]
these zeroes lead to near maximal mixing also for solar neutrinos. At variance of
the example of section 2.1.3, due to the different charge assignments for Ψ5¯1, the
LOW solution to the solar neutrino problem emerges.
As pointed out, a problematic aspect of this zeroth order approximation to the
mass matrices is the relation md = m
T
e , which is good as an order of magnitude
relation because relates large left handed mixings for leptons to large right handed
mixings for down quarks [32, 44, 45, 46, 47]. However the implied equalitiesmb/mτ =
ms/mµ = md/me = 1 are good only for the third generation while need to be
corrected by factors of 3 for the first two generations. As already mentioned in the
discussion about the mass matrices presented in section 3.5, the necessary corrective
terms can arise from the neglected terms in the expansion in 〈Y 〉 of Gr(〈Y 〉)ij
[57]. The higher order terms correspond to non renormalizable operators with the
insertion of n factors of the 75, which break the transposition relation between md
and me. For this purpose we would like the expansion parameter 〈Y 〉/Λ to be not
too small in order to naturally provide the required factors of 3. We will present in
2In our convention Dirac mass terms are given by L¯mR and the light neutrinos effective mass
matrix is mνm
−1
majm
T
ν .
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the following explicit examples of parameter choices that lead to a realistic spectrum
without unacceptable fine tuning.
4.4.1 A Numerical Example
To reproduce the fermion mass spectrum we must further specialize the Yukawa
couplings introduced in eq. (4.19):
w3 =
1
4
ΨAB10 Gu Ψ
CD
10 H
EǫABCDE +
√
3
2
ΨAB10 G50 Ψ
CD
10 H50ABCD
+
√
2 ΨAB10 Gd Ψ5¯A HB +
1
Λ
√
2 ΨAB10 Fd Ψ5¯C HD Y
CD
AB
+ Ψ5¯A Gν Ψ1 H
A − 1
2
M Ψ1 GM Ψ1 + ... (4.24)
where Gr (r = u, d, ν,M, 50) is proportional to Gr(〈X〉, 0) of eq. (4.19). We have
explicitly introduced a term linear in Y , whose couplings are described by the 〈X〉-
dependent matrix Fd. There are other terms linear in Y/Λ, not explicitly given
above. In particular we may insert Y/Λ in the renormalizable term providing masses
to the up type quarks. We neglect such a term since, on the one hand, the matrix
Gu is already sufficient to correctly reproduce the up quark masses and, on the other
hand, this operator would not significantly modify the results for proton decay. As
we will show, Y/Λ is close to 0.1 in our model and higher order terms in the Y/Λ
expansion can be safely neglected. The interaction term involving H50ABCD does
not contribute to the fermion spectrum, but it will be relevant for the proton decay
amplitudes.
The term linear in Y in the previous equation is sufficient to differentiate the
spectra in the charged lepton and down quark sectors. We get the following Dirac
mass matrices:
mu,ν = yu,ν
vu√
2
, md,e = yd,e
vd√
2
, (4.25)
yu = Gu yν = Gν ,
yd = Gd +
〈Y 〉
Λ
Fd y
T
e = Gd − 3
〈Y 〉
Λ
Fd ,
(4.26)
where vu, vd and 〈Y 〉 parameterize the vevs ofH , H and Y respectively. The fermion
spectrum can be easily fitted by appropriately choosing the numerical values of the
matrices Gu, Gd, Fd, Gν and GM . The most general fitting procedure would leave
a large number of free parameters. Here we limit ourselves to the discussion of one
particular example. In agreement with eq. (4.23), we take:
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Gu =
 (−0.51 + 0.61i)λ6 (0.42− 0.70i)λ5 (0.27 + 0.86i)λ3(0.42− 0.70i)λ5 (−0.39 + 0.52i)λ4 (−0.30− 1.14i)λ2
(0.27 + 0.86i)λ3 (−0.30− 1.14i)λ2 1.39
 , (4.27)
Gd = λ
4
 (2.39− 1.11i)λ5 (0.33− 0.59i)λ3 (0.13 + 0.45i)λ3(0.87 + 0.55i)λ4 (2.76 + 0.89i)λ2 (0.69− 0.51i)λ2
(−1.50 + 0.94i)λ2 (0.45 + 1.78i) 1.94
 , (4.28)
〈Y 〉
Λ
Fd = λ
4
 (0.38− 0.18i)λ5 (−0.16− 0.06i)λ3 (0.07 + 0.04i)λ3(−0.08− 0.05i)λ4 (−0.20− 0.15i)λ2 (0.15− 0.11i)λ2
(−0.09 + 0.12i)λ2 (0.07 + 0.14i) −0.19
 , (4.29)
Gν =
 (−0.78− 0.19i)λ3 (0.52− 0.34i)λ (1.38 + 0.39i)λ2(−1.23− 0.34i)λ 0 (1.04 + 1.31i)
(0.45 + 1.18i)λ 0 0.8 + 1.2i
 , (4.30)
GM =
 (1.50 + 0.55i)λ2 (1.41 + 1.19i) (0.35− 1.53i)λ(1.41 + 1.19i) 0 0
(0.35− 1.53i)λ 0 1.26 + 1.48i
 . (4.31)
While the generic pattern of Gu, Gd, Fd, Gν and GM is dictated by the U(1)
flavour symmetry, the precise values of the coefficients multiplying the powers of λ
are chosen to reproduce the data. We take λ ≡ 〈X〉/Λ = 0.25, tanβ = 1.5 and
M = 0.9 · 1015 GeV. In SU(5) the matrix Gu contains two additional phases [86],
φ1 and φ2 that have been set to zero in eq. (4.27). These phases do not affect
the fermion spectrum but enter the proton decay amplitude. When discussing the
proton decay we will analyze also the dependence on φ1 and φ2.
From the above matrices we obtain, at the unification scale:
mt = 200 GeV mc = 0.27 GeV mu = 0.9 MeV
mb = 1.0 GeV ms = 26 MeV md = 1.1 MeV
mτ = 1.1 GeV mµ = 71 MeV me = 0.34 MeV
(4.32)
|Vus| = 0.22 |Vub| = 0.0022 |Vcb| = 0.052 J = 1.9 · 10−5 , (4.33)
where J is the CP-violating Jarlskog invariant. In the neutrino sector, we find:
m1 = 0.81 · 10−3eV , m2 = 0.88 · 10−3eV , m3 = 0.061 eV . (4.34)
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More precisely:
∆m2sol ≡ m22−m21 = 1.1 ·10−7 eV2 , ∆m2atm ≡ m23−m22 = 3.7 ·10−3 eV2 . (4.35)
The neutrino mixing angles are
θ12 ∼ π
4
, θ23 ∼ π
4
, θ13 = 0.06 . (4.36)
Until now we have not specified the value of 〈Y 〉/Λ. We know that 〈Y 〉 should be
around M
(0)
GUT . The cut-off Λ cannot be too close to 〈Y 〉, otherwise most of the
spectrum of the model would lie beyond the cut-off. At the same time Λ cannot
be too large: it is bounded from above by the scale at which the SU(5) gauge
coupling blows up, which, as we see from eq. (4.18), occurs more or less one order
of magnitude below the Planck mass. This is welcome. If, for instance, we take
〈Y 〉/Λ = 0.05−0.1, it is reasonable to neglect multiple insertions of Y in the Yukawa
operators. At the same time, in the example given in eq. (4.29), the coefficients of
the powers of λ in Fd remain of order one, even if 〈Y 〉/Λ is as small as 0.05. A too
large cut-off would have been ineffective in separating down quarks from charged
leptons unless we had chosen unnaturally large coefficients in the allowed operators.
What is usually considered a bad feature of the missing partner mechanism - the
lack of perturbativity before the Planck mass - turns out here to be an advantage
to provide a correct description of the fermion spectrum.
In the neutrino sector, we obtain a bimaximal neutrino mixing with the so-
called LOW solution to the solar neutrino problem 3. Within the same U(1) flavour
symmetry considered here we could as well reproduce the quasi-vacuum oscillation
solution, by appropriately tuning the order one coefficients in Gν and GM . We recall
that the value of M required to fit the observed atmospheric oscillations is probably
somewhat small in the context of SU(5), where a larger scale, closer to the cut-off
Λ, is expected. This feature might be improved by embedding the model in SO(10)
where M is directly related to the B − L breaking scale.
In conclusion, the known fermion spectrum can be reproduced starting from a
superpotential with order one dimensionless coefficients. Mass matrix elements for
charged leptons and down quarks match only within 10− 20%, due to 〈Y 〉/Λ ≈ 0.1,
and this produces the required difference between the two sectors. The neutrino
mixing is necessarily bimaximal in our model, with either the LOW or the vacuum
oscillation solution to the solar neutrino problem.
3As pointed out, in chapter 1, latest preliminary results from Super-Kamiokande [77], including
constraints from day-night spectra, seem in fact to prefer bimaximal neutrino mixing and to revamp
interest in the LOW solution.
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4.5 Proton Decay
Similarly to the case of minimal SU(5), we expect that the main contribution to
proton decay comes from the dimension five operators [79] originating at the grand
unified scale when the colour triplet superfields are integrated out [78, 80, 81]. We
denote the colour triplets contained in H , H, H50, H50 by H3u, H3d, H
′
3d and H
′
3u,
respectively. The part of the superpotential depending on these superfields reads:
w = H3u
[
−1
2
QGuQ+ U
cGuE
c
]
+ H3d
[
QCˆL+ U cDˆDc
]
+ H ′3u
[
1
4
QG50Q+ U
cG50E
c
]
− 4
√
3c2〈Y 〉 H ′3dH3u − 4
√
3c3〈Y 〉 H3dH ′3u + c4〈X〉 H ′3dH ′3u + ... (4.37)
where
Cˆ = −Gd − 〈Y 〉
Λ
Fd , Dˆ = Gd − 〈Y 〉
Λ
Fd (4.38)
and Q, L, U c, Dc and Ec denote as usual the chiral multiplets associated to the
three fermion generations. Notice that, at variance with the minimal SU(5) model,
an additional interaction term depending on H ′3u is present, which originates from
the interaction of 50 with the 10 matter fields. In Appendix C we give a short
discussion on its properties and justify the choice of the numerical coefficient
√
3/2
in eq (4.24). By integrating out the colour triplets we obtain the following effective
superpotential:
weff =
1
mT
[
QAˆQ QCˆL+ U cBˆEc U cDˆDc
]
+ ... (4.39)
where mT has been defined in eq. (4.8),
Bˆ =
(
Gu +
4
√
3c2〈Y 〉
c4〈X〉 G50
)
, −2Aˆ =
(
Gu − 2
√
3c2〈Y 〉
c4〈X〉 G50
)
(4.40)
and dots stand for terms that do not violate baryon or lepton number. Minimal
SU(5) is recovered by setting G50 = Fd = 0. As discussed, in that case the matrices
Aˆ, Bˆ, Cˆ and Dˆ are determined by Gu (in which now also φ1 and φ2 play a role) and
Gd and therefore strictly related to the fermionic spectrum [78]. In our case we have
a distortion due to the terms proportional to G50 and Fd. These distortions have
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different physical origins. On the one hand the terms containing Fd are required to
avoid the rigid mass relation of minimal SU(5). They are suppressed by 〈Y 〉/Λ and
we expect a mild effect from them [89]. On the other hand the terms containing G50
are a consequence of the missing doublet mechanism and they might be as important
as those of the minimal model.
To estimate the proton decay rates we should specify some important parameters.
First of all the mass mT . From the discussion of the threshold corrections we know
that a large value for mT is preferred in our model. We should however check
that this value can be obtained with reasonable choices of the parameters at our
disposal. The unification conditions constrain 〈Y 〉 in a small range around 1016 GeV.
More precisely, after the inclusion of threshold corrections and two loop effects, eq.
(4.15) becomes a relation among the masses of the super-heavy particles and the
leading order quantity M
(0)
GUT . This relation limits the allowed range for the heavy
gauge vector bosons and indirectly, through eq. (C.41), pushes the SU(5) breaking
vev 〈Y 〉 close to 1016 GeV. Then the cut-off scale and the X vev are fixed by the
phenomenological requirements 〈Y 〉 ≈ 0.05 Λ and λ ≡ 〈X〉/Λ = 0.25. Large values
of mT could be obtained either by taking mT1mT2 large or by choosing a small mφ.
This last possibility is however not practicable, since the gauge coupling α5 blows
up at approximately 20 mφ: it is not reasonable to push mφ below 5 ·1015 GeV. The
only remaining freedom to obtain the desired large value formT is represented by the
coefficients c2 and c3 that, however, cannot be taken arbitrarily large. We should also
check that all the heavy spectrum remains below Λ and this requirement imposes a
further constraint on our parameters. A choice that respects all these requirements
is provided by 4:
c1 = 0.035 , c2 = c3 = 2.8, c4 = 0.7 , (4.41)
〈X〉 = 3.0 · 1016 GeV, 〈Y 〉 = 5.7 · 1015 GeV (Λ = 1.2 · 1017 GeV) , (4.42)
which leads to:
MGUT = 2.9 · 1016 GeV , mφ = 2.0 · 1016 GeV , (4.43)
mT1 = 1.2 · 1017 GeV , mT2 = 1.0 · 1017 GeV , mT = 6 · 1017 GeV . (4.44)
The heavy sector of the particle spectrum is displayed in fig. 4.3.
To evaluate the loop function f we also need the spectrum of the supersymmetric
particles. As an example we take here the same spectrum considered in Table B.1,
4The values of the coefficients c2 and c3 here adopted raise doubts on the validity of the per-
turbative approach that has been exploited in several aspects of the present analysis. We adhere
to this choice also to show the difficulty met to obtain acceptable phenomenological results within
a not too complicated scheme.
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Figure 4.3: Heavy sector of the spectrum.
with mSUSY = 250 GeV. This leads to a squark mass of about 800 GeV, a slepton
mass of approximately 350 GeV a wino mass of 250 GeV and a charged higgsino
mass of 125 GeV.
The matrix G50 is not directly related to any accessible observable quantity and
the only constraint we have on it comes from the U(1) flavour symmetry that requires
the following general pattern:
G50 =
 λ7 λ6 λ4λ6 λ5 λ3
λ4 λ3 λ
 . (4.45)
With the above numerical values we also obtain:∣∣∣∣∣2
√
3 c2 〈Y 〉
c4 〈X〉
∣∣∣∣∣ ≃ 2.7 . (4.46)
The texture for G50 has an overall suppression factor λ compared to Gu. Therefore
the contribution of G50 to the matrices Aˆ and Bˆ is comparable or even slightly larger
than the minimal contribution provided by Gu. The dominant operators are then
the ones already described and the calculation can be carried out following Table
A.2.
At variance of the minimal case, here the amplitude with Gu and the one with
G50 interfere. This interference can be either constructive or destructive, depending
on the relative phases between the two terms. We have scanned several examples
for G50, obtained by generating random coefficients for the order one variables in
eq. (4.45). By keeping fixed all the remaining parameters we obtain a proton decay
rate in the range 2 · 1032 ÷ 4 · 1034 yr for the channel p→ K+ν and a rate between
3 · 1032 yr and 5 · 1034 yr for the channel p → π+ν. For comparison, considering
the same choice of parameters but setting G50 = Fd = 0, we obtain 9 · 1032 yr
and 2 · 1033 yr respectively, for the above channels. The present 90% CL bound on
τ/BR(p→ K+ν¯) is 1.9 1033 yr [77]. These estimates have been obtained by setting
to zero the two physical phases φ1, φ2 contained in the matrix Gu. These additional
parameters may increase the uncertainty on the proton lifetime. For instance, in
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minimal SU(5), the proton decay rates for the channels considered above, change
by about one order of magnitude when φ1 and φ2 are freely varied between 0 and
2π. Even when the inverse decay rates for the channels K+ν¯ and π+ν¯ are as large
as 1034 yr, they remain the dominant contribution to the proton lifetime. Indeed,
since the heavy vector boson mass, MGUT , is equal to 2.9 10
16 GeV in our model,
the dimension 6 operators provide an inverse decay rate for the channel e+π0 larger
than 1036 yr.
The effective theory considered here breaks down at the cut-off scale Λ. We
expect additional non-renormalizable operators contributing to proton decay am-
plitudes from the physics above the cut-off. We have already stressed that, by
assuming dimensionless coupling constants of order one, in unified models without
flavour symmetries the proton lifetime induced by these operators is unacceptably
short, even when Λ = MP l [83, 87]. In our case these contributions are adequately
suppressed by the U(1) symmetry. If we compare the amplitude Anr induced by the
new non-renormalizable operators with the amplitude A3 coming from the triplet
exchange, we obtain, for the generic decay channel,
Anr
A3
≈ 48 c2 c3
c4
(〈Y 〉
Λ
)2
≈ 1 . (4.47)
This supports the conclusion that a proton lifetime range considerably larger than
the one estimated in minimal models is expected in our case.
Conclusions
We have considered the problem of obtaining the large atmospheric neutrino mixing
in the framework of GUT models.
First, we have analyzed the most interesting mechanisms which provide this large
mixing.
Usually the large atmospheric mixing arises because of the presence of large
mixings in the Dirac and/or Majorana right mass matrices. In GUT models this sit-
uation is naturally realized by exploiting the possible presence of large right mixings
for down quarks, which correspond to large left mixing for charged leptons.
We have pointed out an alternative mechanism, which does not require the pres-
ence of any large mixings. In fact, even when both the Dirac and Majorana right
matrices possess very small mixings, the large atmospheric mixing entirely arises
from the see-saw mechanism if two conditions apply, that is if the spectrum of right
Majorana masses is sufficiently splitted and if the left handed νµ and ντ couple with
comparable strength to the right handed νcµ. As opposite to the first mechanism,
this situation can be realized even if all left and right mixings of quarks and leptons
are very small. This feature is particularly attractive from the theoretical point of
view, because it implies that this mechanism is well compatible with those GUT
models where right and left mixings are similar.
Despite the fact that GUT has been studied since a long time, still a lot of its
aspects require a better understanding. It would be really improbable for this idea
to survive if inside it there where not something true. But it is clear that minimal
versions of SUSY GUTs are already ruled out because unrealistic. We have addressed
the question whether it is possible to construct a not too complicated, relatively
complete and realistic model which can serve as benchmark to be compared with
experiment. This model must also correctly reproduce neutrino masses and mixings.
We have then constructed an example of SUSY SU(5) GUT model, with an ad-
ditional U(1) flavour symmetry, which is not plagued by the need for large amounts
of fine tunings, like those associated with doublet-triplet splitting in the minimal
model, and leads to an acceptable phenomenology. This includes coupling unifica-
tion with a value of α3(mZ) in much better agreement with the data than in the
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minimal version, an acceptable pattern for fermion masses and mixing angles, also
including neutrino masses and mixings, and the possibility of a slower proton decay
than in the minimal version, compatible with the present limits (in particular the
limit from Super-Kamiokande of about 2 · 1033 yr for the channel p→ K+ν¯). In the
neutrino sector the preferred solution is one with nearly maximal mixing both for
atmospheric and solar neutrinos.
The U(1) flavour symmetry plays a crucial role by protecting the light doublet
Higgs mass from receiving large mass contributions from higher dimension opera-
tors, by determining the observed hierarchy of fermion masses and mixings and by
providing an adequate suppression for non renormalizable operators inducing proton
decay. Of course, the U(1) symmetry can only reproduce the order of magnitude of
masses and mixings, while more quantitative relations among masses and mixings
can only arise from a non abelian flavour symmetry.
A remarkable feature of the model is that the presence of the representations
50, 50 and 75, demanded by the Missing Doublet Mechanism for the solution of the
doublet-triplet splitting problem, directly produces, through threshold corrections at
MGUT from the 75, a decrease of the value of α3(mZ) that corresponds to coupling
unification and an increase of the effective mass that mediates proton decay by
a factor of typically 20-30. As a consequence the value of the strong coupling
is in better agreement with the experimental value and the proton decay rate is
smaller by a factor 400-1000 than in the minimal model. The presence of these large
representations also has the consequence that the asymptotic freedom of SU(5) is
spoiled and the associated gauge coupling becomes non perturbative below MP l.
We argue that this property far from being unacceptable can actually be useful to
obtain better results for fermion masses and proton decay.
Clearly such a model is not unique: our version is the simplest realistic model
that we could construct. We think it is interesting because it proves that SUSY
SU(5) GU is not excluded and offers a benchmark for comparison with experiment.
For example, even including all possible uncertainties, it is difficult in this class of
models to avoid the conclusion that proton decay must occur with a rate which is
only a factor 10-50 from the present bounds. Failure to observe such a signal would
require some additional specific mechanism in order to further suppress the decay
rate.
Finally, it is a generic feature of realistic models that the region between MGUT
and MP l becomes populated by many states with different thresholds and also non
perturbative phenomena occur. This suggests that the reality can be more compli-
cated than the neat separation between the Grand Unification and the string regime
which is postulated in the simplest toy models of GUTs.
There is then the need for further ideas on the theoretical side. It would be
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of crucial importance to actually understand the origin of the flavour symmetry.
The simple U(1) used in the present model is satisfactory at the level of orders
of magnitude, but is not able to really predict the observed values of masses and
mixing. Maybe the flavour has a deeper origin, in a fundamental theory of particles
that includes also gravity beyond the strong and electroweak interactions.
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Appendix A
Formulae for the Calculation of
Proton Lifetime
A.1 d=5 B Violating Operators
The starting point is the most general renormalizable superpotential which could
come from SU(5). Yukawa couplings of doublets and triplets will be considered un-
correlated as well as down quarks and charged lepton mass matrices. The discussion
can thus be adapted for any SU(5) based model. Omitting colour and weak isospin
indices, in the interaction basis the relevant terms read:
w ∋ QT yuU cH2u +QTydDcH2d + LT yeEcH2d
+ QT AˆQH3u + U
cT BˆEcH3u +Q
T CˆLH3d + U
cT DˆDcH3d (A.1)
+ mTH3uH3d ,
where Q, L, U c, Dc and Ec denote as usual the chiral multiplets associated to the
three fermion generations, yu,d,e, Aˆ, Bˆ, ... are matrices in generation space and mT is
the triplets mass. By integrating out the colour triplets one obtains the following
effective superpotential
weff =
1
mT
[
QAˆQ QCˆL+ U cBˆEc U cDˆDc
]
+ ... , (A.2)
dots standing for terms that do not violate baryon or lepton number.
At lower scales these dimension five operators give rise to the four-fermion op-
erators relevant to proton decay, via a ”dressing” process. When considering the
operator QQQL, the most important dressing comes from wino exchange 1. Charged
1Gluino dressing contributions cancel among each other in case of degeneracy between first two
generations of squarks [83, 84].
115
116 APPENDIX A. THE CALCULATION OF PROTON LIFETIME
OL1 =
g2
mT
(νldi)(djuk)[L
T
d (Aˆ+ Aˆ
T )Ld]ij [L
T
u CˆLe]kl(fw˜(u˜, e˜) + fw˜(u˜, d˜))
OL2 =
g2
mT
(uidj)(dkνl)[L
T
u (Aˆ+ Aˆ
T )Ld]ij [L
T
d CˆLe]kl(fw˜(u˜, e˜) + fw˜(u˜, d˜))
OL3 = −
g2
mT
(uidj)(ukel)[L
T
u (Aˆ+ Aˆ
T )Ld]ij [L
T
u CˆLe]kl(fw˜(d˜, ν˜) + fw˜(u˜, d˜))
OL4 =
g2
mT
(ujdk)(uiel)[L
T
u (Aˆ+ Aˆ
T )Lu]ij [L
T
d CˆLe]kl(fw˜(d˜, u˜) + fw˜(d˜, ν˜))
OR1 = −
1
mT
(d¯kν¯l)(u
c
id
c
j)[L
+
d y
∗
uBˆy
+
e L
∗
e]kl[R
∗
uDˆR
+
d ]ijfh˜(u˜
c, e˜c)
OR2 = −
1
mT
(ν¯ld¯i)(d
c
ju
c
k)[R
∗
uBˆy
+
e L
∗
e]kl[L
+
d y
∗
uDˆR
+
d ]ijfh˜(u˜
c, e˜c)
OR3 = −
1
mT
(d¯iu¯j)(u
c
ke
c
l )[R
∗
uBˆR
+
e ]kl[L
+
d y
∗
uDˆy
+
d L
∗
u]ijfh˜(u˜
c, d˜c)
OR4 = −
1
mT
(u¯jd¯k)(e
c
lu
c
i)[L
+
d y
∗
uBˆR
+
e ]kl[R
∗
uDˆy
+
d L
∗
u]ijfh˜(d˜
c, u˜c)
Table A.1: Four-fermion operators arising from dimension 5 operators. For each
operator it is understood to also add the h.c.
higgsino exchange provides instead the most important dressing of U cEcU cDc [85].
The integration over the loop has the effect of producing the multiplicative factor
g2fw˜(a˜, b˜) for wino dressing (g being the SU(2) gauge coupling) and fh˜(a˜, b˜) for
higgsino dressing. f is a function coming from the loop integration:
fc˜(a˜, b˜) =
∫
d4k
(2π)4
−i
k2 −m2a˜
−i
k2 −m2
b˜
−i
/k −mc˜
=
1
16π2
mc˜
(m2a˜ −m2b˜)
[
m2a˜
m2a˜ −m2c˜
log
m2a˜
m2c˜
− m
2
b˜
m2
b˜
−m2c˜
log
m2
b˜
m2c˜
]
. (A.3)
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The operators are explicitly given in Table A.1, where we made the not too bad
assumption of degeneracy between the generations of each sparticle (the dependence
on sparticle masses is logarithmic), so that the final expression is more compact.
We also turned to the mass eigenstate basis by indicating with Lu,d,e and Ru,d,e the
unitary matrices that diagonalize the fermion mass matrices:
LTu yuR
†
u = y
(d)
u − LTd ydR†d = y(d)d − LTe yeR†e = y(d)e , (A.4)
with (yf)(d) (f = u, d, e) diagonal and positive. The quark mixing matrix is then
VCKM = L
†
uLd.
A.2 The Relevant Operators
As discussed in chapter 3, the most important operators are OL1 and O
R
1 , which are
explicitly given by:
OL1 = C
L
ijkl (νldi) (djuk) + h.c.
OR1 = C
R
ijkl (dkνl) (u
c
idcj) + h.c. , (A.5)
where i, j, k, l are generation indices and
CLijkl =
KL
mT
g2 [fw˜(u˜, d˜) + fw˜(u˜, e˜)] Pij Qkl
CRijkl = −
KR
mT
fh˜(u˜
c, e˜c)S∗kl T
∗
ij (A.6)
P = 2 LTd Aˆ Ld Q = L
T
u Cˆ Le
S = L†d y
∗
u Bˆ y
†
e L
∗
e T = R
∗
u Dˆ R
†
d .
(A.7)
Considering OL1 , for the channel p→ K+ν¯ we have to analyze the contributions
from both (νld) (su), which corresponds to C
L
121l, and (νls) (du), which corresponds
to CL211l. Since C
L
ijkl is proportional to PijQkl, it is possible to identify immediately
the important P,Q elements. For instance CL121l is linked to P12 and Q1l. Note that
P is symmetric, hence CL121l = C
L
211l. For minimal SU(5), P,Q greatly simplify, as
can be seen from Table 3.2. In this case
P12 = [V
Ty(d)u K
+V ]12 ∼ ytopλ5 , (A.8)
and Q1l = [V
∗y(d)d ]1l, so that
Q12 ∼ Q13 ∼ ybotλ3 ≫ Q11 . (A.9)
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Thus, since
ytopybot ∼ λ2(tanβ + 1/tanβ) , (A.10)
one obtains
P12Q12(3) ∼ λ10(tanβ + 1/tanβ) , (A.11)
as shown in Table 3.3. For the channel p→ π+ν¯, we have only to consider (νld)(du),
that is P11Q1l. Since P11 ∼ λP12, then
P11Q12(3) ∼ λ11(tan β + 1/tanβ) . (A.12)
In the case of OR1 , the channel withK
+ is obtained for (dνl) (ucsc), corresponding
to S1lT12, and (sνj) (ucdc), corresponding to S2lT11. In the minimal case, from
S = V +y(d)u
2
V y
(d)
d , (A.13)
it turns out that the dominant contribution corresponds to l = 3, that is emission
of ν¯τ , and S13 ∼ y2topybotλ3, S23 ∼ y2topybotλ2. From
T = KV ∗y(d)d (A.14)
it follows T12 ∼ ybotλ3, T11 ∼ ybotλ4. Thus,
S13T12 ∼ y2topy2botλ6 ∼ λ10(tanβ + 1/tanβ)2 ∼ S23T11 . (A.15)
For the channel with π+, we have to consider (dνl) (ucdc), that is
S13T11 ∼ λ11(tanβ + 1/tanβ)2 . (A.16)
These results are given in Table 3.3.
Note that we have also introduced KL,R, which are constants accounting for the
renormalization of the operators from the grand unification scale down to 1 GeV
[78, 81, 104]. In our estimates we take K1 = K2 = 10.
The next step is to parameterize the partial rates according to the results of a
chiral Lagrangian computation [105]. The rates for the dominant channels are given
in Table A.2.
channel rate
K+ν¯µ XK
∣∣∣β [23 mpmBDCL1212 + (1 + mp3mB (D + 3F ))CL2112]∣∣∣2
K+ν¯τ XK
∣∣∣β [23 mpmBDCL1213 + (1 + mp3mB (D + 3F ))CL2113]
+α
[
2
3
mp
mB
DCR1312 +
(
1 + mp
3mB
(D + 3F )
)
CR2311
]∣∣∣2
π+ν¯µ Xpi
∣∣β (1 +D + F ) 2CL1112∣∣2
π+ν¯τ Xpi
∣∣β (1 +D + F ) 2CL1113 + α (1 +D + F ) 2CR1311∣∣2
Table A.2: Proton decay rates. We define XK,pi = (m
2
p − m2K,pi)2/(32πm3pf 2pi); mp,
mK , mpi are the proton, K
+ and π+ masses; mB is an average baryon mass, fpi
is the pion decay constant; D and F are coupling constants between baryons and
mesons in the relevant chiral Lagrangian; β and α parameterize the hadronic matrix
element. In our estimates we take mp = 0.938 GeV, mB = 1.150 GeV, mK = 0.494
GeV, mpi = 0.140 GeV, fpi = 0.139 GeV, D = 0.8, F = 0.45 [106], β = −α = 0.003
GeV3 [88].

Appendix B
Representative SUSY Spectrum
SU(2)⊗U(1) breaking effects are neglected. Numerical coefficients appearing in the
previous Table are due to renormalization.
The additional freedom related to the parameters m0, m1/2, µ, mH is here fixed
by choosing 0.8m0 = 0.8m1/2 = 2µ = mH and taking as a definition mSUSY ≡ mH ,
so that all particle masses can be expressed in term ofmSUSY . This parameterization
leads to k(SUSY ) = −0.510.
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sparticle mass2
gluinos (2.7m1/2)
2
winos (0.8m1/2)
2
higgsinos µ2
extra Higgses m2H
squarks m20 + 6m
2
1/2
(sleptons)L m
2
0 + 0.5m
2
1/2
(sleptons)R m
2
0 + 0.15m
2
1/2
Table B.1: Representative SUSY spectrum.
Appendix C
Group Theory for the MDM
In this appendix we summarize the method adopted to deal with tensors in SU(5). It
is convenient to write large representations like 75, 50 and 50 as products of smaller
representations, like 10 and 10. In this way, it is not difficult to recognize how the
multiplets of the SM are embedded in those large representations, thus staying in
touch with the physical role of the various superpotential terms. In particular, when
considering the interaction terms, it is compelling to accurately take into account
the numerical coefficients which follow directly from the tensorial structure of the
representations involved. Since these coefficients can be large, it is not possible to
omit them when performing a quantitative analysis.
C.1 Basic Conventions for the Tensors in SU(5)
In SU(5) the matter fields are contained in just the 10 and 5 representations. We
write them according to
Ψ10 =
1√
2

0 U c3 −U c2 U1 D1
−U c3 0 U c1 U2 D2
U c2 −U c1 0 U3 D3
−U1 −U2 −U3 0 Ec
−D1 −D2 −D3 −Ec 0
 , (C.1)
Ψ5¯ =

Dc1
Dc2
Dc3
E
−ν
 . (C.2)
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The 10 representation ΨAB10 is thus represented by a tensor whose two indices A,B =
1, ..., 5 are antisymmetric. Note that the SU(3) indices correspond to A,B = 1, 2, 3
while the SU(2) ones are selected for A,B = 4, 5. To remember about this in an
explicit way, we will sometimes write α (a) instead of A if A = 1, 2, 3 (4, 5). Due
to the antisymmetry of ΨAB10 , it turns out that it is convenient to deal just with
ΨAB10 |A<B . The 5 representation is instead written as a tensor with one low index
Ψ5¯A .
In our conventions, the Higgs fields H¯A, H
A belonging respectively to the 5 and
5 representations are written as
H¯ =

H3d1
H3d2
H3d3
H−2d
−H02d
 H =

H13u
H23u
H33u
H+2u
H02u
 , (C.3)
where 〈H02d〉 = vd/
√
2, 〈H02u〉 = vu/
√
2.
Let us underline a few points.
• The factor 1/√2 is introduced in the definition of Ψ10 in order to have the
kinetic terms in the canonical form. In fact, the Kahler potential contains
K ∋ ΨAB10 ΨAB10 ∗ , (C.4)
where summation over repeated indices has to be understood. Due to the
antisymmetry of Ψ10 under A↔ B, one immediately realizes that:
ΨAB10 Ψ
AB
10
∗
= 2 ΨAB10 Ψ
AB
10
∗ |A<B =
= U cαU
c
α
∗ + UαUα∗ +DαDα∗ + EcEc∗ , (C.5)
where α is the colour index. Thus, the fields U c, U,D,Ec have a canonical
kinetic term. On the other hand the pentaplet Ψ5¯A has no problems of multi-
plicity, so that there is no need of introducing any coefficient in the definition
of (C.2) to get the canonical form for the kinetic terms of Dc, E, ν.
• At the contrary of what happens for all the other ΨAB10 A<B, we have introduced
a minus sign in Ψ1310. The reason is the following. The mass term for up quarks
(considering for simplicity one generation only) arises from the superpotential
term
w ∋ 1
4
ΨAB10 Ψ
CD
10 H
EǫABCDE =
= ΨAB10 Ψ
CD
10 H
EǫABCDE |A<B,C<D (C.6)
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with E = 5. When one picks the indices corresponding to U c2U
2, that is
(A,B,C,D) = (1, 3, 2, 4), a minus sign arises from ǫ13245, at the contrary of
what happens for U c1U
1 and U c3U
3. The minus sign in Ψ1310 is put to eliminate
the minus arising from the ǫ. Clearly there is nothing restrictive in doing this,
since we are only exploiting the freedom of choosing a convenient phase in the
definition of our fields.
C.2 The 75 and 50 representations
How to write the 75
The 75 can be conveniently written through the product
10× 10 = 1 + 24 + 75 . (C.7)
Let us clarify how to isolate the 75 from the 24 and the 1. We define 10AB×10CD ≡
TABCD , so that T
AB
CD is antisymmetric in the upper and lower pair of indices and thus
corresponds to 100 independent fields. It can be split according to
TABCD = S
AB
CD︸︷︷︸
1
+ΣABCD︸︷︷︸
24
+ Y ABCD︸︷︷︸
75
(C.8)
where we identify the 1 with S, the 24 with Σ and the 75 with Y .
Consider the SU(5) singlet first. One can easily guess it to be given by the
combination 1
s ≡ TMNMN . (C.9)
Thus, S has to be
SABCD =
1
20
(δACδ
B
D − δADδBC )TMNMN . (C.10)
In this case, in fact, substituting SABCD into eq. (C.8) it turns out that S
AB
AB = T
AB
AB ≡ s
and that Σ and Y must be such that ΣABAB = Y
AB
AB = 0. This indeed means that the
singlet has been completely projected out by S.
The 24 can be written as a tensor σAC satisfying the constraint σ
A
A = 0 . One can
guess
σAC ≡ TMAMC −
1
5
δACT
MN
MN (C.11)
1Here and in the following summation over repeated indices has to be understood.
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and
ΣABCD =
1
3
[
δAC(T
MB
MD −
1
5
δBDT
MN
MN )− δAD(TMBMC −
1
5
δBCT
MN
MN )
− δBC (TMAMD −
1
5
δADT
MN
MN ) + δ
B
D(T
MA
MC −
1
5
δACT
MN
MN )
]
. (C.12)
Notice that this form for Σ satisfies ΣABAB = 0, that is Σ doesn’t contain the combi-
nation corresponding to the singlet s. Substituting this expression in eq. (C.8), we
get ΣMAMC = σ
A
C , S
MA
MC = 0 and the requirement Y
MA
MC = 0. This means that the 24 is
completely projected out by Σ.
Finally, with the expressions of SABCD and Σ
AB
CD at our disposal, we know how to
write the 75:
Y ABCD = T
AB
CD
− 1
3
[
δAC(T
MB
MD −
1
5
δBDT
MN
MN )− δAD(TMBMC −
1
5
δBCT
MN
MN )
− δBC (TMAMD −
1
5
δADT
MN
MN ) + δ
B
D(T
MA
MC −
1
5
δACT
MN
MN )
]
− 1
20
(δACδ
B
D − δADδBC )TMNMN . (C.13)
Note that Y is antisymmetric in both the upper and lower indices. This would give
100 independent fields but, since it satisfies the 25 constraints Y MAMC = 0, we are
correctly left with only 75 independent fields.
It is important to realize that the fields in Y ABCD don’t have canonical kinetic
terms. This can be recognized by the following reasoning. Let us suppose to put the
100 elements of Y ABCD |A<B,C<D into a column vector, say YA, with A = 1, 2, ..., 100.
Clearly only 75 of these 100 elements correspond to independent fields. The Kahler
potential is then
K ∋ Y ABCD ∗Y ABCD = 4 Y ABCD ∗Y ABCD |A<B,C<D =
= 4 Y+ Y . (C.14)
We can always exploit the possibility of rotating the fields by means of a 100 by 100
unitary matrix U . For instance, we can get rid of the unpleasant redundancy by
going into a basis where Y has only 75 non-zero elements. Then, it is also feasible
to find a unitary transformation of the 75 fields which carry us into a SM-like basis,
that is a basis where the fields are split into multiplets of the SM. In a similar basis it
is evident that the kinetic terms are not canonical because of the factor 4 appearing
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in eq. (C.14). The remedy is to define Y ABCD ≡ Y ′ABCD/2 (and Y ≡ Y ′/2), so that the
fields associated to Y ′ABCD are those actually possessing the correct coefficient 1 in
the kinetic term.
How to write the 50, 50
By similar considerations, the 50 can be written from the product of 10 × 10. In
fact
10× 10 = 5¯s + 4¯5a + 50s . (C.15)
We denote the 10× 10 with TAB1 TCD2 , where T1,2 are antisymmetric under exchange
of the two upper indices. Again we want to separate TAB1 T
CD
2 as
TAB1 T
CD
2 = C
ABCD︸ ︷︷ ︸
5¯s
+QABCD︸ ︷︷ ︸
45a
+FABCD︸ ︷︷ ︸
50s
. (C.16)
It is useful to split TAB1 T
CD
2 into its symmetric and antisymmetric parts under the
exchange 1↔ 2, so that
TAB1 T
CD
2 =
TAB1 T
CD
2 + T
AB
2 T
CD
1
2︸ ︷︷ ︸
5¯s,50s
+
TAB1 T
CD
2 − TAB2 TCD1
2︸ ︷︷ ︸
45a
≡ SABCD + AABCD . (C.17)
It follows that Q is antisymmetric while C, F are symmetric under the exchange
(AB)↔ (CD) (or equivalently 1↔ 2). Thus, clearly the 45a, qABCD, is given by
qABCD = AABCD , (C.18)
and the simple identification QABCD = AABCD holds because (QABCD−QCDAB)/2 =
qABCD while (CABCD−CCDAB)/2 = (FABCD−FCDAB)/2 = 0. Then, we have only
to separate the 5¯s from the 50s. One can guess that the 5¯s is given by
cE = ǫABCDES
ABCD (C.19)
and verify that the following expression for CABCD
CABCD =
1
24
ǫABCDEǫFGHIES
FGHI (C.20)
satisfies ǫABCDEC
ABCD = cE. Since ǫABCDEQ
ABCD = 0, C completely projects out
the 5¯ if also ǫABCDEF
ABCD = 0 holds. This property is automatically satisfied by
FABCD = TAB1 T
CD
2
− AABCD
− 1
24
ǫABCDEǫFGHIES
FGHI . (C.21)
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Note that F is antisymmetric in [AB] and [CD] but is symmetric for the exchange
(AB)↔ (CD).
By writing the Kahler potential as K ∋ FABCD∗FABCD, it turns out that FABCD
hasn’t canonical kinetic terms. The proof is very similar to the one already discussed
for the case of the 75. Also in the present case, defining FABCD ≡ F ′ABCD/2, one
realizes that the fields F ′ABCD are those with the kinetic terms in the canonical
form.
The 50 is obtained following the same procedure but starting from the product
of 10× 10 = T1ABT2CD.
C.3 The Method for Catching SM Multiplets
The construction of the 75, 50 and 50 in terms of products of 10 and/or 10 is
particularly useful because one can apply a simple recipe to recognize how the SM
multiplets are included in these large representations. The starting point is the
identification of the SM multiplets in the 10 and 10 themselves. Keeping A < B:
TAB = 10αβ︸︷︷︸
(3¯,1,−2/3)
+ 10αb︸︷︷︸
(3,2,1/6)
+ 10ab︸︷︷︸
(1,1,1)
TAB = 10αβ︸︷︷︸
(3,1,2/3)
+ 10αb︸︷︷︸
(3¯,2,−1/6)
+ 10ab︸︷︷︸
(1,1,−1)
. (C.22)
Let us consider the case of the 75 (50) in order to be specific. One starts by writing
the SM multiplets obtained by multiplying each SM multiplet of T with each SM
multiplet of T (T ). All the 100 fields obtained are thus separated in SM multiplets.
Next we have to further correctly separate the various multiplets into the 1, 24 and 75
(5¯s, 45a and 50s). This is easy to do for such multiplets which are obtained only once,
because from Table C.1 we immediately understand in which SU(5) representation
they lie. But for the multiplets which are obtained more then once, like e.g. the
singlet (the color antitriplet), we have to understand which linear combination of
them is the one actually embedded in the 75 (50). As an example, we show the
procedure which permits to single out the SM singlet contained in the 75 and the
SM antitriplet contained in the 50.
The SM singlet of the 75
There are three singlets (1, 1, 0) arising from the product T × T .
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SU(5) ⊃ SU(3)× SU(2)× U(1)
1 = (1, 1, 0)
24 = (1, 1, 0) + (1, 3, 0) + (3, 2,−5/6) + (3¯, 2, 5/6) + (8, 1, 0)
50 = (1, 1, 2) + (3¯, 1, 1/3) + (3, 2, 7/6) + (6, 3, 1/3) + (6¯, 1,−4/3) +
+(8, 2,−1/2)
50 = (1, 1,−2) + (3, 1,−1/3) + (3¯, 2− 7/6) + (6¯, 3,−1/3) + (6, 1, 4/3) +
+(8, 2, 1/2)
75 = (1, 1, 0) + (3, 1, 5/3) + (3¯, 1,−5/3) + (3, 2,−5/6) + (3¯, 2, 5/6) +
+(6¯, 2,−5/6) + (6, 2, 5/6) + (8, 1, 0) + (8, 3, 0)
Table C.1: The SM multiplets contained in some of the SU(5) representations.
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We call s1 the singlet which is obtained by multiplying
T αβγδ ≡ T αβ︸︷︷︸
(3¯,1,−2/3)
T γδ︸︷︷︸
(3,1,2/3)
=
1
6
(δαγ δ
β
δ − δαδ δβγ )T µνµν︸ ︷︷ ︸
(1,1,0)
+ T αβγδ −
1
6
(δαγ δ
β
δ − δαδ δβγ )T µνµν︸ ︷︷ ︸
(8,1,0)
. (C.23)
It is then evident that s1 ∝ T µνµν = 2T µνµν |µ<ν . Thus, choosing to normalize to 1 each
combination of independent fields:
s1 =
1√
3
(T 1212 + T
13
13 + T
23
23 ) =
1√
3
T µνµν |µ<ν . (C.24)
The second singlet s2 comes from the product
T αbγd ≡ T αb︸︷︷︸
(3,2,1/6)
T γd︸︷︷︸
(3¯,2,−1/6)
=
1
6
δαγ δ
b
dT
µn
µn︸ ︷︷ ︸
(1,1,0)
+
1
3
δαγ T
µb
µd −
1
6
δαγ δ
b
dT
µn
µn︸ ︷︷ ︸
(1,3,0)
+
1
2
δbdT
αn
γn −
1
6
δαγ δ
b
dT
µn
µn︸ ︷︷ ︸
(8,1,0)
(C.25)
+ T αbγd −
1
3
δαγ T
µb
µd −
1
2
δbdT
αn
γn +
1
6
δαγ δ
b
dT
µn
µn︸ ︷︷ ︸
(8,3,0)
.
Thus, s2 ∝ T µnµn . Precisely:
s2 =
1√
6
(T 1414 + T
24
24 + T
34
34 + T
15
15 + T
25
25 + T
35
35 ) =
1√
6
T µnµn . (C.26)
Finally the last singlet s3 is obtained from
T abcd ≡ T ab︸︷︷︸
(1,1,1)
T cd︸︷︷︸
(1,1,−1)
=
1
2
(δac δ
b
d − δadδbc)Tmnmn︸ ︷︷ ︸
(1,1,0)
(C.27)
and is simply
s3 = T
45
45 = T
mn
mn |m<n . (C.28)
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The next step is to understand which linear combination of s1,2,3 is contained in
the 75. This can be accomplished by using eq. (C.8) and the expressions for S,Σ, Y ,
that is eqs. (C.10, C.12, C.13). Indeed, by constructing on the l.h.s. of eq. (C.8)
the combination relative to s1,2,3, we obtain respectively:
s1 ≡
T αβαβ
2
√
3
=
[√
3
10
S1
]
S
+
[√
8
15
S24
]
Σ
+
[√
1
6
S75
]
Y
s2 ≡ T
αb
αb√
6
=
[√
6
10
S1
]
S
+
[
−
√
1
15
S24
]
Σ
+
[
−
√
2
6
S75
]
Y
s3 ≡ T
ab
ab
2
=
[√
1
10
S1
]
S
+
[
−
√
6
15
S24
]
Σ
+
[√
3
6
S75
]
Y
(C.29)
where
S1 ≡
√
3s1 +
√
6s2 + s3√
10
S24 ≡
√
8s1 − s2 −
√
6s3√
15
S75 ≡ s1 −
√
2s2 +
√
3s3√
6
. (C.30)
It is clear that by taking in the l.h.s. of eq. (C.8) the combination S75, one obtains
S75 = [0]S + [0]Σ + [S75]Y . The SM siglet lying in the 75 is then S75. One can check
that the combinations S1, S24 are instead respectively the singlets of the 1 and 24
representations. Note that S75 can be written as
S75 =
1
3
√
2
[
T αβαβ + 2T
ab
ab −
1
2
TABAB
]
. (C.31)
The antitriplet of the 50
There are three multiplets in the product 10 × 10 having the quantum numbers of
the antitriplets, that is (3¯, 1, 1/3). Two arise from the products
T ab1︸︷︷︸
(1,1,1)
T γδ2︸︷︷︸
(3¯,1,−2/3)
≡ tabγδ1 (C.32)
and
T αβ1︸︷︷︸
(3¯,1,−2/3)
T cd2︸︷︷︸
(1,1,1)
≡ tαβcd2 . (C.33)
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The other one is contained in
T αb1︸︷︷︸
(3,2,1/6)
T γd2︸︷︷︸
(3,2,1/6)
(C.34)
and can be written as
1
2
(T αb1 T
γd
2 + T
γd
1 T
αb
2 − T αd1 T γb2 − T γb1 T αd2 ) ≡ tαbγd3 . (C.35)
Following the same procedure already described in some detail for the extraction
of the SM singlet of the 75, we take on the l.h.s. of eq. (C.16) the combination
corresponding to each antitriplet:
tabγδ1 =
[√
1
6
T abγδ
(5¯)
]
C
+
[√
1
2
T abγδ
(45)
]
Q
+
[√
1
3
T abγδ(50)
]
F
tγδab2 =
[√
1
6
T abγδ
(5¯)
]
C
+
[
−
√
1
2
T abγδ
(45)
]
Q
+
[√
1
3
T abγδ(50)
]
F
tγaδb3 =
[
−
√
2
3
T abγδ
(5¯)
]
C
+
[√
1
3
T abγδ(50)
]
F
(C.36)
where
T abγδ
(5¯)
=
tabγδ1 + t
γδab
2 − 2 tγaδb3√
6
T abγδ
(45)
=
tabγδ1 − tγδab2√
2
T abγδ(50) =
tabγδ1 + t
γδab
2 + t
γaδb
3√
3
. (C.37)
Thus, one realizes that the linear combination of the above antitriplets which is
contained in the 50 is T abγδ(50) . Note that, as required, it is symmetric under the
exchange T1 ↔ T2.
To get rid of the indices it is useful to define t(50)α = 1/4 ǫαγδǫabT
abγδ
(50) . Note that,
as already discussed, t(50)α hasn’t canonical kinetic terms. It is H
′
3dα (introduced
in section 4.5), defined as t(50)α ≡ H ′3dα/2, that possesses the correct coefficient 1:
K ∋ FABCD∗FABCD ∋ 4t(50)∗αt(50)α = H ′3d∗αH ′3dα.
C.4. BASIC FORMULAE FOR THE MDM 133
C.4 Basic Formulae for the MDM
SU(5) breaking
The part of the superpotential responsible for the breaking of SU(5) reads
wHiggs = c1 Y
AB
CD Y
CD
EF Y
EF
AB +MY Y
AB
CD Y
CD
AB , (C.38)
where, as usual, A,B, ... = 1, 2, ..., 5. This is actually the most general renormaliz-
able superpotential that can be written by means of a 75, the cubic term picking the
combination (75 × 75)75 × 75. The other cubic term that one could write, namely
Y ACED Y
BD
FC Y
EF
AB , turns out to be proportional to Y
AB
CD Y
CD
EF Y
EF
AB .
The SUSY vacuum of the 75 breaks SU(5) uniquely to SU(3)⊗ SU(2)⊗ U(1):
〈Y ABCD 〉 = −〈Y 〉
[(
δαγ δ
β
δ + 2δ
a
c δ
b
d −
1
2
δACδ
B
D
)
− (A↔ B)
]
, (C.39)
where, as usual, Greek indices assume values from 1 to 3, Latin indices from 4 to 5
and
〈Y 〉 ≡MY /(2c1) . (C.40)
The above superpotential gives a mass to all physical components of Y , i.e. those
that are not absorbed by the Higgs mechanism. The calculation is not difficult and
leads to Table 4.2.
Gauge vector bosons instead acquire a mass mV :
m2V = 24g
2
5〈Y 〉2 . (C.41)
The triplet mass matrix
The doublet-triplet splitting is realized by the following superpotential terms,
wMDM = c2 H
AY DEBC H50
BCFGǫADEFG + c3HAY
BC
DE H50BCFGǫ
ADEFG
+ M50 H50
ABCDH50ABCD . (C.42)
The multiplet in Y which gets a vev is the SM singlet. This means that in the
term
c2 H
AY DEBC H50
BCFGǫADEFG (C.43)
only the interaction between the triplet contained in HA and the antitriplet con-
tained in H50 is allowed. Since H
ABCD
50 can be identified with F
ABCD, using eqs.
(C.39) and (C.36), one obtains
c2 H
A〈Y DEBC 〉H50BCFGǫADEFG = −4
√
3c2〈Y 〉 H ′3dH3u . (C.44)
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Finally,
H50
ABCDH50ABCD ∋ H ′3dH ′3u (C.45)
so that the coefficients appearing in eq. (3.9) are obtained.
Interaction of 10 10 50
We are interested in the interactions of the colour triplet of the 50 with the an-
titriplet combination of 10i × 10j, 10 being matter fields and i, j family indices. It
is convenient to recognize that
I ≡ ΨAB10 i G50ij ΨCD10 j H50ABCD ∋ 4 G50ij t˜(50)αij tα(50) , (C.46)
where by t˜(50)αij we denote the antitriplet combination of 10i× 10j, that is t˜(50)αij =
1/4 ǫαγδǫabT˜
abγδ
(50)ij :
T˜ abγδ(50)ij =
√
1
3
[
Ψab10iΨ
γδ
10j +Ψ
γδ
10 iΨ
ab
10j +
Ψγa10 iΨ
δb
10j +Ψ
δb
10iΨ
γa
10 j −Ψγb10iΨδa10j −Ψδa10iΨγb10j
2
]
.
(C.47)
Substituting the above expression in eq. (C.46) and exploiting the symmetry of G50,
one obtains
I =
[
U cαi(
2G50 ij√
3
)Ecj −
1
2
Qβi (−
G50 ij√
3
)Qγj ǫαβγ
]
H ′3u . (C.48)
This is the cause of the introduction of the coefficient
√
3/2 in eq. (4.24).
